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1 The Significance of Geometry
Bressoud, Camp, and Teague found that geometry provides a foundation
of skills for mathematics at higher levels, such as university-level calculus.
However, the efforts to push students to calculus in secondary school has
caused insufficient understanding of core concepts. For example, in 1994,
one out of three students who passed high school calculus then enrolled in
college pre-calculus, and, in 2004, one out of six took remedial mathematics.
To remedy this, in 1986, the Mathematical Association of America (MAA)
and National Council of Teachers of Mathematics (NCTM) recommended
that, before a student is allowed to enroll in high school calculus, he or she
”should have demonstrated a mastery of algebra, geometry, trigonometry,
and coordinate geometry.” The MAA and NCTM reiterated this statement
in the new recommendations put forth in 2012, expressing the advantages of
understanding algebraic and geometric skills over memorizing the formulas
and identities for derivation and integration [1].
Teaching math at an early age can ease the transition to formal mathe-
matics education. According to Zaranis and Synodi, previous research sug-
gests that difficulty in mathematics faced by older students is a product of
insufficient mathematical development. By using meaningful context prob-
lems, children can gain the ability to cope with systematic methods used
to teach math. Developmental psychology has led to the creation of an
early childhood education method by Tina Bruce, the interactionist method.
The interactionist method is the default method for teaching geometry, and
involves using the stages of development of all students as a factor in design-
ing activities to teach children. Teaching instead becomes leading students
through activities which teach more than one subject at once, generally as
teacher-led play sessions to allow the children to express their thoughts and
skills [2].
However, there is a weakness of the current system of mathematics educa-
tion. According to Lockhart, mathematics is an art, but we do not consider it
one, nor do we teach it like one. Math is about creating patterns and shapes,
but is taught as the memorization of equations and finding the solutions to
others’ patterns and shapes. Teaching math is a difficult task, teaching art
is not easy, and forcing it upon students with exercises, memorization, and
testing does not create excitement in the student that it could if the student
was left to his or her own imagination. Geometry education in particular is
destructive. The core of geometry education is in proofs, which are reduced
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to a two-column table of postulates, propositions, and theorems. The result
looks uninteresting at best, and as an introduction to mathematical proofs,
is effective at deterring students from proof-based studies later on [3].
Current geometry education is not as comprehensive as it should be.
One of this paper’s authors’ geometry education– and the standard for Cal-
ifornia public schools– consisted of a single year of geometry in secondary
school, covering basic coordinate and Euclidean geometry, and trigonome-
try. At the time of writing, Worcester Polytechnic Institute (WPI) offers
no undergraduate-level geometry courses, and only a single graduate-level
course.
Geometry has real-world applications that we cannot neglect. While
there exist tools which can solve most problems or prove most theorems,
the tools’ developers must be familiar with the geometry material to build
them. Computer-Aided Design (CAD) is fundamentally built on coordinates,
vectors, and the construction of polygons, and the development of CAD tools
has made the process more readily accessible for users not familiar with ge-
ometric construction.
George Salmon’s A Treatise on Conic Sections, written in 1848, became
the standard textbook of Trinity College in Dublin, Ireland. The text led
to Salmon receiving many honors for his contributions to mathematics [4].
170 years later, however, the language of the text has fallen out of favor
in the English language, and advances in software have allowed for clearer,
interactive geometric figures to be made faster and by more people than
previously possible.
To account for the changes in language and technology, we worked to up-
date an excerpt of the Salmon’s treatise. We worked to identify modern math
notation and vocabulary to update the text, and used Geometer’s Sketchpad
to create new versions of Salmon’s figures. We created new figures, added
glossaries, and sample exercise solutions to try to bring the layout of the text
in line with more modern math textbooks. The treatise will need a more
comprehensive update before it can be used in a classroom again.
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2 Compass-and-Straightedge Construction
According to Stillwell, Euclidean Geometry is built on the idea of compass-
and-straightedge construction in the plane. Given an ideal straight edge–
one of infinite length and no markings– and a compass assumed to be unable
to retain the length it measures. The axioms of Euclidean Geometry are:
1) It is possible to draw a straight line segment between any two points
2) Any line segment can be infinitely extended
3) A circle can be drawn given a center and radius
These axioms allow for the construction and manipulation of geometric
figures, such as the bisecting of an angle, the construction of a triangle,
dividing line segments, creating lengths, and creating regular certain n-gons–
where a regular n-gon is an n-sided polygon with equal sides and angles [5].
Jones, Morris, and Pearson have written that the constructible n-gons
are those where n is a Fermat prime: a prime number which can be written
as 22
x
+ 1 for some x. The most famous example of which is Carl Friedrich
Gauss’s construction of the 17-gon, the heptadecagon. Gauss discovered the
construction at the age of 19 in 1796, marking the first progress in regular
polygon construction in over 2000 years. Gauss was able to prove that the
construction was possible by using the fact that construction is possible for
Fermat prime n-gons where the trigonometric functions of the internal angle
can be expressed in arithmetic with square roots [6].
2.1 Geometric Construction Software
Interactive geometry software (IGS) has been around for more than two
decades and offers much more than the ability to construct and manipulate
geometric figures. There are many programs available now and each has
its strengths. As is often the case with software, when one adds a popular
feature, others soon follow suit. As you will read in the descriptions below,
these programs have gone far beyond the compass and ruler constructions of
geometric figures. For purposes of this study, we focused on a few character-
istics, among which were that the software be easy to use and learn, widely
used especially for education, and flexible.
In their recommendations for geometry in the undergraduate curriculum,
the Geometry Study Group of the Mathematical Association of America,
stated that they particularly endorse the use of Interactive Geometry Soft-
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ware. Effective use of IGSs encourages geometric discovery and helps stu-
dents connect to material, in a cycle of experiment, conjecture, and proof [7].
2.1.1 Geometer’s Sketchpad
Geometer’s Sketchpad (GSP) originated as part of a research project by Klotz
and Schattschneider in the 1980s at Swarthmore College. This project sought
to develop new technology-based tools for teaching Geometry. Jackiw devel-
oped the first version of Geometer’s Sketchpad, honoring Sutherland’s 1963
SKETCHPAD program. Key Curriculum Press’s CEO, Rasmussen worked
with Jackiw to publish the project, and the pair invented the term ”Dy-
namic Geometry” to accompany it. After field tests in schools across the US,
the first commercial version was released for Macintosh in 1991 and is now
sold by McGraw Hill Education. Geometer’s Sketchpad has received many
awards including Best Education Software and Most Valuable Software for
Students [8].
Geometer’s Sketchpad was designed for education. One of its key fea-
tures is allowing users to manipulate elements of mathematical diagrams
while maintaining their fundamental definitions and relations to other ele-
ments. As the figures are manipulated any values shown are automatically
adjusted as the figure changes. Users can construct points, lines, and circles
with GSP’s basic tools, which can then be used to construct any polygon
which can be made with compass-and-straightedge construction. Addition-
ally, GSP allows users to define coordinate systems, measure and reference
the distance and angle between elements, and plot equations. Illustrations
can easily be copied and pasted for use in other programs. It is easy to
use and to learn with a user interface that is easy to follow. Custom tools
can be readily created and java sketchpad provides web support. Impor-
tantly there is an extensive online sharing community with the free sharing
of ideas, tools, sketches, animations, instructional explorations, and more.
Geometer’s sketchpad supports Euclidean geometry, transformational geom-
etry, analytical geometry, algebra, trigonometry, and calculus and has tools
available for hyperbolic and elliptical geometries. Due to its flexibility, it has
even been used in art and science education as well as structural engineering
and other areas of science.
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2.1.2 Cinderella
Cinderella was first developed by Richter-Gebert and Crapo as a tool to au-
tomatically prove theorems using Richter-Gebert’s binomial proving method.
This first build was constructed in Objective-C on the NeXT platform. In
1996, Richter-Gebert rewrote the software in Java with Kortenkamp. The
Java version won the Multimedia Innovation Award in 1997, attracting the
attention of German educational software publisher Heureka-Klett as well as
Springer-Verlag. The first school version was published in 1998, with the
first university version being released in 1999. In 2006, Cinderella.2 was re-
leased in an online-only format, and, in 2013, the program was made freely
available [9].
Cinderella allows users to construct geometric configurations and au-
tomatically reports any facts the construction proves. Cinderella natively
supports manipulation and construction on the Euclidean plane, sphere, or
Poincare´’s hyperbolic disk. The program works with Euclidean, hyperbolic,
and elliptic geometries. Users can customize the program using CindyScript,
or use the built-in CindyLab to simulate physics based on the mass-particle
and forces paradigm [10].
2.1.3 Maple
Maple is a mathematics software which was developed in 1980 by Geddes and
Gonnot at the University of Waterloo. The first build of Maple was built
within three weeks of development, and a full version reached the US and
Europe between 1982 and 1983. Geddes and Gonnot formed the company
Waterloo Maple Software in 1988 to begin directly selling the software [11].
By default, Maple does line-by-line calculations and plots with the ability
to store values on calculation to be used later. The user inputs a command
or equation and Maple outputs the resulting value or plot. Maple supports
connecting to SQL databases and Java, Fortran, C++, HTTP, and .NET
applications. The program systems support object-oriented, functional, and
procedural programming for development. The calculator of Maple can be
used for topics including group theory, discrete mathematics, combinatorics,
statistics, calculus, animated graphs– both 2D and 3D, matrices, and more
[12].
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2.1.4 MATLAB
MATLAB was first written in Fortran by Moler in the late 1970s. The
core principle of the program was to make the calculations of and using
matrices easier. Moler then gave the program to Little and Bangert in 1981,
who reprogrammed it in C. The three then went on to form the company
MathWorks in 1984 [13].
The program uses the MATLAB scripting language to run the entire
scripted calculation at once. The language is similar in structure to Python,
and MATLAB itself supports object-oriented programming. MATLAB sup-
ports integration of its algorithms and applications in web, enterprise, and
production systems. The calculations MATLAB handles include the graph-
ing of functions in 2- and 3-dimensions, trigonometry, linear algebra and
matrices, differential equations, numerical integration, Fourier transforma-
tions, and statistics [14].
3 Current Geometry Education
For the effective teaching of geometry it is important to have some insight
into how students learn geometric concepts. Battista provides highlights of
the research in From Understanding Geometry for a Changing World [15].
In examining how students learn geometry, Michael Battista discusses
four theories. They are the van Hiele Levels, Abstraction, Concept Learning
and the Objects of Geometric Analysis, and Diagrams and Representations.
3.1 van Hiele Levels
The van Hiele Levels by Dutch educators, Pierre van Hiele and Dina van
Hiele-Geldof describes a model for how students geometric reasoning devel-
ops. ”According to the van Hiele theory, students progress through discrete,
quantitatively different levels of geometric thinking. As originally conceived,
the levels are sequential and hierarchical, so for students to attain a level, they
must have passed through a level that precedes it.” [15] However, some re-
searchers argue that ”students may have different van Hiele levels for different
topic domains . . . and that the types of thinking that characterize different
levels may be developing simultaneously, but at different rates” [16] [15].
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3.1.1 Level 1: Visual-Holistic Reasoning
Students describe shapes from their appearance as a whole using vague lan-
guage, associating the shape with a familiar object (rectangle looks like a
door) and orientation may strongly affect their reasoning.
3.1.2 Level 2: Descriptive-Analytic Reasoning
”Students explicitly attend to, conceptualize, and specify shapes by describ-
ing their parts and spatial relationships among the parts. However, students’
descriptions and concepts vary greatly in sophistication” (Battista p. 92).
Although ”students can use and formulate formal definitions for these classes
of shapes, ... [t]hey simply think in terms of unconnected lists of formally
described characteristics” [15].
3.1.3 Level 3: Relational-Inferential Reasoning
”Students infer relationships among geometric properties of shapes” but
”their sophistication of inferences varies greatly. They begin with empirical
inference, for instance, by noticing that whenever they have seen property X
occur, property Y occurs” (Battista, p93). This is followed by simple logical
inferences, for instance, ”because a square has all sides equal, it has opposite
sides equal” (Battista p. 94). These inferences are needed for hierarchical
classification. Students then proceed to ”use logical inferences to reorganize
their classification of shapes into a logical hierarchy” (a square is a rectangle)
and ”give logical arguments to justify their hierarchical classifications” [15].
3.1.4 Level 4: Formal Deductive Proof
”Students understand and can construct formal geometric proofs. That is,
within an axiomatic system, they can produce a sequence of statements that
logically justifies a conclusion as a consequence of the ’givens’. They recognize
differences among undefined terms, definitions, axioms, and theorems” [15].
This is the level required for the geometry that is traditionally taught in the
US.
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3.1.5 Level 5: Rigor
”Students understand, and can use and analyze, alternative axiomatic sys-
tems. This level generally corresponds to university studies of geometry” [15].
3.2 Abstraction
The second theory, Abstraction, ”is the process by which the mind regis-
ters objects, actions, and ideas in consciousness and memory” [15]. At a
”sufficiently deep level, they themselves can be mentally operated on (e.g.,
compared, decomposed, analyzed)” [15]. Battista describes, ”two special
forms of abstraction [that] are fundamental to geometry learning and rea-
soning” [17]; [18]. These are spatial structuring and mental models. ”Spatial
structuring is the mental act of organizing an object or set of objects by
identifying its components and establishing interrelationships among them.
Mental models are nonverbal, mental versions of situations that capture the
structure of the situations they represent” [16]; [19]; [20]; [21]. ”Learning oc-
curs as individuals recursively cycle through phases of action (physical and
mental), reflection, and abstraction in a way that enables them to develop
ever more sophisticated mental models” [15].
3.3 Concept Learning
The third theory described, Concept Learning and the Objects of Geomet-
ric Analysis, states that there are ”[t]hree major types of ’objects’ [that]
must be considered” [15]. These are physical objects, concepts, and concept
definitions. ”Physical objects, things such as a door, box, . . . drawing, or dy-
namic, dragable computer figures. Concepts are the mental representations
that individuals abstract for categories of like objects. These can include pro-
totypical examples, images, mental models, and verbal descriptions. Concept
definitions are formal, mathematical verbal or symbolic specifications of cat-
egories of objects or entities” (Battista p. 95). According to Pinker, there
are ”two fundamentally different types of concepts” [22], natural concepts
and formal concepts. Both are important in learning geometry.
Students progress through several levels of abstraction described by Mitchel-
more and White (2000) [23]. They may abstract an isolated concept from
specific situations but not be able to generalize that abstraction to related
situations. Another level of abstraction is reached by generalizing the ab-
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straction to concepts that fit the criteria but are different from the initial
special situation. Students then integrate various context-specific concepts
into a generalized concept that fits the standard definition.
3.4 Diagrams and Representations
”Physical objects, including diagrams are often used to represent formal ge-
ometric concepts” [15]. However, students often attribute characteristics to
the concept from the diagram that are irrelevant, such as not recognizing
a right triangle because it is in an orientation other than what they have
often been shown. As a consequence, ”students often attribute irrelevant
characteristics of a diagram to the geometric concept it is intended to repre-
sent [24]; [25]” [15].
3.5 US Geometry Education
Research has shown that the majority of students in the US ”have inade-
quate understanding of geometric concepts and poorly developed skills in
geometric reasoning, problem solving, and proof [24]; [26]; [27]; [28]” [15].
According to the Trends in International Mathematics and Science Study
(TIMSS), 2011: Summary of Massachusetts Results [29], Massachusetts’ stu-
dents scored higher on average in all four content domains (Number, Algebra,
Geometry, Data & Chance) than students in other states. However, they
”have a relative and significant weakness in geometry”. Research shows that
”students in the United States do far more poorly in geometry than students
in many other countries (see, e.g. [30]). The primary cause for this poor
performance is both what and how geometry is taught [24]” [15].
Although this research provides a general representation, there are many
students whose learning experiences fall outside this description. As one of
the authors of this project, I can relate my experience in learning geometry.
I completed the JHU-CTY honors geometry course in eight-grade while si-
multaneously taking pre-calculus at a local university. In my experience, I
did not follow the sequential van Hiele levels. Either I was able to progress
simultaneously through the levels or skip some of them entirely jumping
to levels 4 and 5 prior to entering high school. High levels of abstraction
and mental manipulation of three-dimensional objects seemed innate; I have
been reminded that I was doing this in early elementary school. I believe that
there are many students who do not acquire the described levels / theories
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sequentially and are able to formulate, understand and use higher mathe-
matical concepts much earlier than described in this chapter. This makes
it very difficult for me to assess at which grade levels students can success-
fully grasp the concepts in Salmon’s Treatise. However, given the common
core standards, the description of the mathematics curriculum framework
for Massachusetts, and the sample MCAS questions following this discus-
sion, it appears that the average student would have great difficulty with
Salmon’s treatise without more rigorous preparation throughout elementary
and early high school mathematics. However, there is a significant popu-
lation of advanced students both in public schools and private schools who
could successfully master parts of Salmons treatise as updated.
3.5.1 MCAS
In trying to offer an opinion on whether Salmon’s treatise might be useable in
the current high school curricula, we reviewed the latest release of questions
on the 2017 MCAS (Massachusetts Comprehensive Assessment System) for
grades 3 to 10. The questions released for geometry provided only a small
sample. This is not meant to offer an in depth study of the feasibility of
using Salmon but rather as a simplified overview based on the information
available to us [31].
The Massachusetts Mathematics Curriculum Framework - approved March
2017 [32] contains the standards for math education in the public school sys-
tem.
Relative to conic sections, the standards for 10th grade state:
1. Translate between the geometric description and the equation for a
conic section.
(a) Derive the equation of a circle of given center and radius using
the Pythagorean Theorem; complete the square to find the center
and radius of a circle given by an equation.
(b) Derive the equation of a parabola given a focus and directrix.
(c) Derive the equations of ellipses and hyperbolas given the foci,
using the fact that the sum or difference of distances from the foci
is constant.
i. Use equations and graphs of conic sections to model real-world
problems.
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A review of the 2017 MCAS questions, revealed the following observa-
tions. Included with the exam is a reference page containing formulas for
area, volume, lateral surface, and total surface for two-dimensional and three-
dimensional figures as well as circumference of a circle, and special right tri-
angle relationships. Of the 11 geometry questions on the 10th grade MCAS
exam: 5 questions involved applying the supplied formulas and sometimes
using elementary algebra. Samples below from 2017 MCAS Spring Release,
Mathematics-Grade 10:
Q6. A right circular cylinder has a diameter of 10 inches and a height of
3 inches. What is the volume, in cubic inches, of the cylinder?
• A. 15pi
• B. 75pi
• C. 225pi
• D. 300pi
Q16. The perimeter of a square is 48 inches. What is the area, in square
inches, of the square? Answer: 144 (square inches)
4 questions required knowledge of basic geometric facts about figures,
angles, and simple reflection, such as
Q23. The diagram below shows circle O with radii OL and OK.
The measure of 6 OLK is 35. What is the measure of 6 LOK?
• A. 70
• B. 90
• C. 110
• D. 130
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One question required the student to determine the equation of a line
perpendicular to the given linear equation, in slope-intercept form, (multiple
choice). Although this topic is covered in Salmon in Article 25, Cor. 2, it is
done so in generalized format requiring a deeper level of understanding than
the level of the question sampled.
Q4 Line g has a slope of -4/7 . Which of the following equations represents
a line that is perpendicular to line g?
• A. y=-7/4 x
• B. y=-4/7 x
• C. y= 4/7 x
• D. y= 7/4 x
1 question required the student to determine the coordinates of the end-
point of a segment given the coordinates of 1 endpoint and the midpoint.
This topic is covered in Salmon in Article 7 but again at a much higher level
than matches question below.
Q29 On a coordinate grid, point H is the midpoint of TW. Point H has
coordinates (4,-4). Point W has coordinates (12,2).
What are the coordinates of point T?
• A. (16,-2)
• B. (8,-1)
• C. (-4,-10)
• D. (-8,-6)
Public schools often teach classes of students with varying ability and
must cover a significant amount of material in the time allotted. In addition
with the pressure of the tests, the material is presented for students to be
able to answer questions that are very specific without the benefit of un-
derstanding the general case as in Salmon. The MCAS exam questions are
targeted to the average student and as such, the level presented in Salmon
does not appear appropriate for this population of students. The limited
sample of test questions in geometry do not provide sufficient evidence to
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make any conclusions about whether these students have attained the ap-
propriate level of abstraction to understand the generalizations provided in
Salmon [15]. However, there are many advanced students in the schools who
are not represented by the test evidence, who may benefit from an updated
Salmon. For college bound students, according to MAA’s CUPM, the rush
to calculus in high school has many students ”short-changing their mathe-
matical preparation.” They recommend that students taking calculus in high
school, first demonstrate mastery in ”algebra, geometry, trigonometry, and
coordinate geometry” [1].
In addition to regular public schools, there are a number of charter
and specialty schools as well as private independent schools. According
to the NAIS (New York State Association of Independent Schools) web-
site (www.nais.org) there are over 60 accredited (by NAIS) independent high
schools in New York City alone. Many of these schools would benefit from
an updated Salmon. AISNE (Association of Independent Schools in New
England) boasts over 200 member schools. These groups list only schools
that are members of each group. There are other independent school groups
such as the Connecticut Association of Independent Schools which lists over
45 independent schools. Many independent schools have advanced courses
including college level courses which could benefit from an updated Salmon.
Recommendations for geometry in the undergraduate math curriculum
were presented by the Geometry Study Group under the direction of the
CUPM Steering Committee. This is a brief overview of their findings in Ge-
ometry . They found that instruction in geometric mathematics has suffered
from neglect in the recent past. Moreover, [the] value of geometry to stu-
dents cannot be contested. In no other field can students make such a strong
connection between intuition, discovery, proof, and applications Without
geometry, students will suffer when it comes time to apply theory to physical
situations [7]. Their three basic recommendations are:
1. Every mathematics major program should include substantial geomet-
ric content.
2. Every mathematics department should offer at least one undergraduate
course devoted primarily to geometry.
3. [F]uture high school mathematics teachers are best served by appro-
priately designed geometry courses for the general mathematics major
that also take into consideration the needs of secondary mathematics
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teachers, not by courses specifically designed only for future teach-
ers [7].
Additionally, the Geometric Study Group states that Interactive Geome-
try Software (IGS) can provide a valuable tool and its [e]ffective use encour-
ages geometric discovery and helps students connect to material, in a cycle
of experiment, conjecture, and proof [?].
Geometry as taught in most schools is directed toward very specific con-
crete situations. There is little if any connection made across mathemati-
cal disciplines. For instance, most geometry textbooks reviewed, certainly
a small sample of all that are likely available today, define perpendicular
lines as lines that intersect to form right angles. Rarely is the discussion
generalized as a special case of intersecting lines or connected to coordinate
geometry and algebra. Mathematics is an art as Lockhart so eloquently
stated and affects every part of our society and our lives [3]. It is as if in
teaching our students to paint, we restrict them to only the primary colors
and leave out that mixing colors offers a palette of millions and opens up
endless possibilities.
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4 The Life of George Salmon
According to O’Connor and Robertson, George Salmon was born on Septem-
ber 25, 1819 in Dublin, Ireland to Michael and Helen Salmon. His father was
a linen merchant, and his mother was the daughter of Reverend Edward
Weekes. Salmons early schooling was in Cork, Ireland until he enrolled in
the Trinity College in Dublin in 1833. At Trinity, he studied both classics
and mathematics, and, in 1841, Salmon became a fellow of Trinity and took
the Holy Orders of the Church of Ireland as required by Trinity. At the time,
Trinity College was internationally known for mathematics, and Salmons
colleagues included such mathematicians such as Rowan Hamilton, James
MacCullagh, Charles Graves, and Humphrey Lloyd [4].
In 1844, George Salmon married Frances Anne, the daughter of J. L. Sal-
vador and had six children. Salmon spent the 25 years after obtaining his
fellowship as a teacher at Trinity College, mostly in mathematics, and he also
would teach some theology. During this time, Salmon over forty papers and
four textbooks. The focus of Salmons mathematics began in synthetic geom-
etry, but his interest in the algebraic theories written by Cayley, Sylvester,
Hermite, and Clebsch swayed his mathematical focus. Salmon mainly worked
on solving and proving the applications of covariants and invariants to ge-
ometry of curves and surfaces [4].
The four textbooks Salmon published over his tenure as a mathematics
teacher were his four treatises on various topics: Conic Sections, Higher
Plane Curves, Modern Higher Algebra, and Geometry of Three Dimensions.
These textbooks became the standard material for advanced geometry across
Western Europe at a college level. It is important to note that college at the
time was open for enrollment as early as age fourteen or fifteen, as in George
Salmon’s case. In all of his publishing, Salmon discovered several new proofs
and theorems with Cayley and some of his other colleagues: in the 2nd edition
of Salmons Treatise on Modern Higher Algebra, for example, he proved the
invariant E of the binary sextic over thirteen pages. Additionally, Salmon
worked to discover the 27 straight lines of a cubic surface, the classification
of algebraic curves in space, the singularities of a ruled surface generated by
a line coming in contact with three curves, and more [4].
In 1860, Salmon began working in Trinitys school of theology. In 1866,
Salmon was named the Regius Professor of divinity and headed the divinity
school at Trinity College for the next 22 years. During his tenure, Salmon
published another four textbooks on theology, and, in 1888, Salmon was
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appointed provost of Trinity College. Salmon spent the rest of his life as an
administrator for the college, and his reputation was that of a conservative
administrator, maintaining the status quo of Trinity College. On January
22, 1904, George Salmon passed away [4].
4.1 Content Summary of the Treatise
A Treatise on Conic Sections by George Salmon is a 19-chapter textbook di-
vided into 401 articles. Articles introduce axioms Salmon uses, establish the-
orems with their proofs, and further define and clarify some axioms. Salmon
notes that some articles, sections, or chapters are optional for the first read
through the text, or until the reader is familiar with a later section.
Chapter 1 introduces and defines the point as the intersection of two
line segments parallel to given axes. This chapter consists of 13 articles
covering points and their coordinates, transformation between systems of
coordinates, and polar coordinates. Starting from Article 8, Salmon marks
that the rest of the chapter can be postponed until the reader has completed
Article 41. There are 3 theorems which Salmon proves, one of which is
that the transformation between coordinates never changes the degree of an
equation. Our version of Chapter 1 can be found in section 6.1.
Chapter 2 introduces the straight line in a manner similar to Chapter 1,
as well as loci– the visual representation of equations. This 31-article chapter
contains 4 articles which may be skipped during the first read through the
chapter and covers the properties and manipulations of sets of points as well
as straight lines and their equations. One theorem in this chapter is finding
the area of a polygon given its vertices by finding the area of the triangles the
vertices make with each other, and cancelling variable terms. Our version of
Chapter 2 can be found in section 6.2.
Chapter 3 has more exercises and examples of the properties of straight
lines spread over 8 articles. This chapter contains a single theorem addressing
the problem of finding a line passing through a fixed point.
Chapter 4 is called the abridged notation of the line, and Salmon has
marked it as an entirely optional read. It consists of more properties and
examples of the line over 18 articles, including how, given a triangle, the
equation of any line can be written as a function with respect to the triangle’s
sides.
Chapter 5 is about representing certain higher degree equations as a sys-
tem of multiple straight lines. The chapter is 8 article, of which 1 can be
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postponed, as can the corollary of another. One type of equation that can
be represented as straight lines are polynomials which can be factored into
the form (x− a)(x− b) · · · = 0.
Chapter 6 introduces the circle and its properties over 17 articles, 2 of
which are optional. The properties include finding the intersections between
a line and a circle, as well as finding the tangent of a point on a circle.
Chapter 7 is a 9-article chapter covering more examples and exercises of
the properties of circles. One such property is that for any circle inscribed
inside a triangle, line segments formed by the points of contact of the triangle
with the opposite vertices intersect at a single point.
Chapter 8 covers the properties of systems of multiple circles. One such
property is using the equations of the circles to find the points of intersection
to use as the endpoints of the chord of intersection. 6 of the chapter’s 17
articles are marked as optional.
Chapter 9 is another entirely optional chapter. Its 11 articles cover more
cases of properties of the circle. One important piece of this chapter is the
section on using matrix determinants for some of the earlier conditions of
lines and circles covered in the text.
Chapter 10 introduces conics, the general form of second degree equations.
Of the 19 articles, 1 is optional. One property Salmon introduces of conics
early in the chapter is that every line meets a second-degree curve in two
real, coincident, or imaginary points.
Chapter 11 is a 51-article–of which 3 are optional– chapter which goes into
the equations of conics which use their center as the origin of the coordinate
system. A large portion of the chapter is focused on ellipses, one property of
which is that the sum and difference of the squares of any conjugate diameters
is constant.
Chapter 12 covers the equations and properties of parabolas. 1 of the 22
articles is optional. One interesting property covered in this chapter is that
the distance between the point where a tangent cuts the axis and the focus
is equal to the distance between the point of contact and the focus.
Chapter 13 is a 24-article chapter which covers more properties and ex-
ercises of conic sections, like chapter 3 for lines or chapter 7 for circles. None
of this chapter is marked as optional, and it introduces the eccentric angle
to represent points using a single variable.
Chapter 14 covers more for conics, with 1 of its 49 articles marked op-
tional. This chapter is similar to chapters 4 and 9, and one of the properties
covered is that given 4 points on a conic section, its chord of intersection
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with a fixed conic passing through 2 of the given points will pass through a
fixed point.
Chapter 15 covers the principle of duality and reciprocal polars in 25
articles. One key statement in this chapter is that the methods for conic
sections discussed in chapter 14 also apply to tangential equations discussed
in this one.
Chapter 16 is a 24-article chapter on the harmonic and anharmonic prop-
erties of conics. One such property is that two systems of points on the
same line are considered homographic, and two homographic systems form
an involution. Given a system of conics passing through 4 fixed points, the
system of conics meets any transversal in an involution.
Chapter 17 covers the method of projection: given a fixed point to which
all other points are joined, there is a cone with the fixed point as a vertex;
the sections of this cone are then planes of projection. The 23 articles of
this chapter cover the properties of projections and sections, such as how all
parallel lines are in a constant ratio to their projections on an orthogonal
plane.
Chapter 18 discusses the properties of invariants and covariants of systems
of conics. In these 20 articles, Salmon covers theorems such as finding two
touching conics and finding the four common tangents of two conics.
Finally, Chapter 19 covers using infinitesimals to solve for values that
would be difficult without calculus, or in same cases, difficult even with
calculus. These last 12 articles include using the area of a circle to solve for
the area of an ellipse, finding the direction of a tangent, and finding the area
of a segment of a parabola cut off by a line.
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5 Updating the Treatise
Our goal was to update an excerpt of Salmon’s A Treatise on Conic Sections
to give it a more modern layout and content which current textbooks include.
Old figures were updated, new figures were created, the text was brought to
a more modern standard, and we created solutions for some exercises.
5.1 Figure Updates
We chose Geometer’s Sketchpad (GSP) to update the illustrations in Salmon’s
Treatise on Conic Sections for several reasons, one of which is its extensive
use in educations throughout North America. Geometers Sketchpad has al-
most all the tools we needed available already, however, there was one tool
that we created. It creates a triangle interior from the midpoint of one side
and the opposite vertex. Although it was originally not available, it was
included in version 5 of the software. The tool was to be used as a parallel
indicator but was incredibly useful in marking line segments as lines or rays.
For designing the figures, there were a few major rules we followed. The
first was that parallel lines were colored the same, with black used specifically
for sets of lines which are not parallel to any other line, as certain figures
had too many such lines to have enough contrasting colors. Additionally,
on figures with exactly one pair of axes, blue is used for the vertical axis
and red for the horizontal. On figures with two pairs of axes, blue and red
are used as the vertical axes and green and purple as their horizontal axes,
respectively. In both the text and the figures, we replaced any X or similar
with subscripted numbers on the appropriate letters. In some cases labels
were added for increased clarity. Another thing we tried to do where possible
was to construct the figures in such a way that moving logical pieces of the
graph would properly adjust everything else, allowing for easier animation
in the future. For instance, figures where it was showing how everything
related to a specific point would adjust properly as the point was moved,
while figures showing how a coordinate shift changes things would properly
adjust as you moved the new coordinate system.
5.2 Text Translation
For our translated excerpt of Salmons A Treatise on Conic Sections, we
completed the first two chapters, which consist of a total of 44 of Salmons
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401 Articles. As previously discussed, these two chapters cover some of the
core principles and theorems that Salmon draws upon later in the text. We
included a side-by-side comparison of the text: the original text of the Sixth
Edition is in the left column, and our version on the right. The translation
can be defined by two key steps: modernizing the language and standardizing
symbol notation.
Some of the language Salmon uses no longer has a place in mathemat-
ics textbooks. Salmon uses the term right line, which we now refer to as a
straight line. Additionally, we made differentiations between lines, rays, and
line segments, whereas Salmon refers to all three as lines. Some of the orig-
inal text is too informal: in Article 3, where Salmon defines the attribution
of positive or negative signs to coordinates, he mentions that these distinc-
tions can present no difficulty to the learner which can have a patronizing
connotation. As such, we removed these where possible while translating.
As we will discuss in a later section, Salmons notation for various symbols
is inconsistent, using multiple symbols to mean the same thing, and the same
symbol to mean multiple things. To fix this, we created a key of symbols and
updated the text with them: a point would be labelled with a single capital
letter (e.g. A), and have the coordinates (x, y), as these are common notation
for current coordinate geometry. A straight line through two points A and
B is written as
←→
AB, a ray starting from A and passing through B is written
as
−→
AB, and a line segment connecting A and B is AB. To represent the
distance between points A and B, we kept Salmons notation: AB. There
are conflicting sources on whether distance is represented as the absolute
value of a line segment, the norm of a line segment, or as AB, and any of
the three can work. We decided to use Salmons as we cannot guarantee the
texts reader is familiar with norms or absolute values of geometric objects.
For Salmons variable labels, we replaced similar symbols with subscripts
instead of primes, as Salmon used. As an example, where Salmon wrote p, p′,
and p′′, we replaced these with p1, p2, and p3. As primes are usually referring
to derivatives of functions, we believed their use in labelling would cause
confusion, and that subscripts would be the best substitute. When replacing
the symbols in Salmons equations with the new ones, we only included the
new versions of the equations, as some equations are too complex to be have
an old and new version side-by-side, and having one above the other can lead
to confusion considering that some equations take several lines (e.g. the first
equation of Article 39).
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5.2.1 Exercises
We also started creating a solutions manual for the exercises in the first two
chapters. While Salmon provides numerical answers to most of his exercises,
he provides few worked solutions. Salmon does not have any solutions with
explicit geometric constructions. We provided worked solutions for most of
the articles we updated including the logical process or geometric construc-
tion.
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6 A Treatise on Conic Sections Updates
6.1 Chapter 1 - The Point
6.1.1 Article 1
Original Text
The following method of determin-
ing the position of any point on a
plane was introduced by Des Cartes
in his Geometrie, 1637, and has been
generally used by succeeding geome-
ters.
We are supposed to be given the
position of two fixed right lines XX ′,
Y Y ′ intersecting in the pointO. Now,
if through any point P we draw PM ,
PN parallel to Y Y ′ and XX ′, it is
plain that, if we knew the position
of the point P , we should know the
lengths of the parallels PM , PN ; or
vice versa, that if we knew the lengths
of PM,PN , we should know the po-
sition of point P .
Suppose, for example, that we are
given PN = a, PM = b, we need
only measure OM = a and ON =
b, and draw the parallels PM,PN ,
which will intersect in the point re-
quired.
It is usual to denote PM parallel
to OY by the letter y, and PN par-
allel to OX by the letter x, and the
point P is said to be determined by
the two equations x = a, y = b.
Updated Text
The following method of determin-
ing the position of any point on a
plane was introduced by Des Cartes
in his Geometrie, 1637, and has been
generally used by succeeding geome-
ters [33].
Given the position of two fixed straight
lines
←−−→
X1X2 and
←−→
Y1Y2 intersecting at
the point O, through any point P we
draw the line segments PM , PN par-
allel to
←−→
Y1Y2 and
←−−→
X1X2, respectively.
If we knew the position of the point
P , we should know the lengths of the
parallel line segments, PM and PN ,
or vice versa: if we knew the lengths
of PM , PN , we should know the po-
sition of point P .
Suppose, for example, that we are
given PN = a, PM = b, we need
only measure OM = a and ON =
b, and draw the parallels PM , PN ,
which will intersect at P .
It is usual to denote PM parallel
to
←→
OY1 by the letter y, and PN par-
allel to
←−→
OX1 by the letter x, and the
point P is said to be determined by
the two equations x = a, y = b.
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Figure 1: Finding the Position of a Point by the Lengths of Parallels
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6.1.2 Article 2
The parallels, PM , PN are called the
coordinates of the point P . PM is
often called the ordinate of the point
P ; while PN , which is equal to OM
the intercept cut off by the ordinate,
is called the abscissa.
The fixed lines XX ′ and Y Y ′ are
termed the axes of coordinates and
the point O, in which they intersect,
is called the origin. The axes are said
to be rectangular or oblique, accord-
ing as the angle at which they inter-
sect is a right angle or oblique.
It will readily be seen that the co-
ordinates of point M on the preceding
figure are x = a, y = 0; that those of
point N are x = 0, y = b; and of the
origin itself are x = 0, y = 0.
The parallels, PM , PN are called the
coordinates of the point P . The
length of PM , PM is often called
the ordinate of the point P ; while
the length of PN , PN , which is equal
to the length OM , is called the ab-
scissa.
The fixed lines
←−−→
X1X2 and
←−→
Y1Y2 are
the axes of coordinates and the point
O, in which the axes intersect, is called
the origin. The axes are said to be
rectangular if the angle at which they
intersect is a right angle, or oblique
otherwise.
It will readily be seen that the co-
ordinates of point M in Figure 1 are
x = a, y = 0; the coordinates of point
N are x = 0, y = b; and the coordi-
nates of the origin are x = 0, y = 0.
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6.1.3 Article 3
In order that the equations x = a,
y = b should only be satisfied by one
point, it is necessary to pay attention,
not only to the magnitude, but also
the signs of the coordinates.
In order that the equations x = a,
y = b is satisfied by one point, it is
necessary to pay attention, not only
to the magnitude, but also the signs
of the coordinates.
If we paid no attention we might
measure OM = a and ON = b, on ei-
ther side of the origin, and any of the
four points P , P1, P2, P3 would sat-
isfy the equations x = a, y = b. It is
possible, however, to distinguish alge-
braically between the lines OM , OM ′
(which are equal in magnitude, but
opposite in direction) by giving them
different signs. We lay down a rule
that, if lines measured in one direc-
tion be considered as positive, lines
measured in the opposite direction must
be considered negative. It is, of course,
arbitrary in which direction we mea-
sure positive lines, but it is custom-
ary to consider OM (measured to the
right hand) and ON (measured up-
wards) as positive, and OM ′, ON ′
(measured in the opposite directions)
as negative lines.
Introducing these conventions, the
four points P1, P2, P3, P4 are easily
distinguished. Their coordinates are,
respectively,
If we paid no attention to signs in
Figure 2 we could measure OM = a
and ON = b on either side of the ori-
gin, and any of the four points P1,
P2, P3, P4 would satisfy the equations
x = a, y = b. It is possible, however,
to distinguish algebraically between
the line segments OM1, OM2 (which
are equal in magnitude, but opposite
in direction) by giving them different
signs. We lay down a rule that, if
lines measured in one direction are
considered positive, lines measured in
the opposite direction must be con-
sidered negative. It is arbitrary in
which direction we measure positive
lines, but it is customary to consider
OM1 (measured to the right hand)
and ON1 (measured upwards) as pos-
itive, and OM2, ON2 (measured in
the opposite directions) as negative
lines.
Introducing these conventions, the
four points P1, P2, P3, P4 have coor-
dinates respectively:
x = +a, y = +b
x = −a, y = +b
x = +a, y = −b
x = −a, y = −b
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Figure 2: Points with Coordinates of the Same Magnitude and Different
Signs
These distinctions of sign can present
no difficulty to the learner, who is
supposed to be already acquainted with
trigonometry.
N.B. — The points whose coordi-
nates are x = a, y = b, or x = x1, y =
y1 are generally briefly designated as
the point (a, b), or the point x1y1.
It appears from what has been said
that the points (+a,+b), (−a,−b) lie
on a right line passing through the
origin; that they are equidistant from
the origin, and on opposite sides of it.
The points whose coordinates are
x = a, y = b, or x = x1, y = y1
are generally briefly designated as the
point (a, b), or the point x1y1.
The points (+a,+b), (−a,−b) lie
on a straight line passing through the
origin; that they are equidistant from
the origin, and on opposite sides of it.
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Figure 3: The Distance between Two Points P and Q
6.1.4 Article 4
To express the distance between two
points x′y′, x′′y′′, the axes of coordi-
nates being supposed rectangular.
To express the distance between two
points (x1, y1), (x2, y2) on rectangular
axes.
By Euclid 1.46,
PQ2 = PS2 + SQ2
but
PS = PM1 −QM2 = y1 − y2
and
QS = OM1 −OM2 = x1 − x2
hence,
δ2 = PQ2 = (x1 − x2)2 + (y1 − y2)2
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To express the distance of any point
from the origin, we must make x′′ =
0, y′′ = 0 in the above, and we find
To express the distance of any point
from the origin, we set x2 = 0, y2 = 0
in the above equations, and we find
δ2 = x21 + y
2
1
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6.1.5 Article 5
In the following pages we shall but
seldom have occasion to make use of
oblique coordinates, since formulae are,
in general, much simplified by the use
of rectangular axes; as, however, oblique
coordinates may sometimes be employed
with advantage, we shall give the prin-
cipal formulae in their most general
form.
Suppose, in the last figure, the an-
gle Y OX oblique and = ω, then
In the following pages we shall oc-
casionally make use of oblique coor-
dinates, since formulae are, in gen-
eral, simplified by the use of rectan-
gular axes. However, as oblique co-
ordinates may sometimes be advan-
tageous, we shall give the principal
formulae in their most general form.
Suppose, in Figure 3, the angle
6 Y OX oblique and m6 Y OX = ω,
then
m6 PSQ = 180◦ − ω
and
PQ2 = PS2 + SQ2 − 2 ∗ PS ∗ SQ ∗ cosm 6 PSQ
or
PQ2 = (x1 − x2)2 + (y1 − y2)2 + 2 ∗ (y1 − y2) ∗ (x1 − x2) ∗ cosω
Similarly, the square of the dis-
tance of a point, x′y′, from the origin
Similarly, the square of the dis-
tance of a point, (x1, y1), from the
origin is equal to
δ2 = x21 + y
2
1 + 2x1y1 cosω
In applying these formulae, atten-
tion must be paid to the sign of the
coordinates. If the point Q, for exam-
ple, were in the angle XOY ′, the sign
of y′′ would be changed, and the line
PS would be the sum and not the
difference of y′ and y′′. The learner
will find no difficulty, if, having writ-
ten the coordinated with their proper
signs, he is careful to take for PS and
QS the algebraic difference of the cor-
When using these formulae, must
pay attention to the sign of the coor-
dinates. If the point Q, for example,
were in the angle 6 XOY2, the sign of
y2 would be changed, and the length
of line segment PS would be the sum
and not the difference of y1 and y2.
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responding pair of coordinates.
Ex. 1) Find the lengths of the sides of a triangle, the coordinates of whose
vertices are x1 = 2, y1 = 3, x2 = 4, y2 = −5, x3 = −3, y3 = −6, the axes
being rectangular.
Ex. 2) Find the lengths of the sides of a triangle, the coordinates of whose
vertices are the same as in the last example, the axes being inclined at an
angle of 60◦
Ex. 3) Express that the distance of the point xy from the point (2, 3) is
equal to 4.
Ex. 4) Express that the point xy is equidistant from the points (2, 3), (4, 5).
Ex. 5) Find the point equidistant from the points (2, 3), (4, 5), (6, 1). Here
we have two equations to determine the unknown quantities x, y.
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6.1.6 Article 6
The distance between two points, be-
ing expressed in the form of a square
root, is necessarily susceptible of a
double sign. If the distance PQ, mea-
sured from P to Q, be considered pos-
itive, then the distanceQP , measured
from Q to P , is considered negative.
If indeed we are only concerned with
the single distance between two points,
it would be unmeaning to affix any
sign to it, since by prefixing a sign
we in fact direct that this distance
shall be added to, or subtracted from,
some other distance. But suppose we
are given three points P , Q, R in a
straight line, and know the distances
PQ, QR, we may infer PR = PQ +
QR. And with the explanation now
given, this equation remains true, even
though the point R lie between P and
Q. For, in that case, PQ and QR are
measured in opposite directions, and
PR, which is their arithmetical dif-
ference, is still their algebraical sum.
Except in the case of lines parallel to
one of the axes, no convention has
been established as to which shall be
considered the positive direction.
The distance between two points, be-
ing expressed in the form of a square
root, has a double sign. If the dis-
tance PQ, measured from P to Q, is
considered positive, then the distance
QP , measured from Q to P , is consid-
ered negative. If indeed we are only
concerned with the single distance be-
tween two points, there would be no
meaning to affix any sign to it, since
by prefixing a sign we direct that this
distance shall be added to, or sub-
tracted from, some other distance. But
suppose we are given three points P ,
Q, R in a straight line, and know the
distances PQ, QR, we may infer PR
= PQ + QR. This equation remains
true, even though the point R lies be-
tween P and Q. For, in that case,
PQ and QR are measured in oppo-
site directions, and PR, which is their
arithmetical difference, is still their
algebraical sum. Except in the case
of lines parallel to one of the axes, no
convention has been established as to
which shall be considered the positive
direction.
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Figure 4: The Lengths of Two Line Segments from a Middle Point Totaling
to the Length of the Segment between the Endpoints
6.1.7 Article 7
To find the coordinates of the point
cutting in a given ratio m : n, the line
joining two given points x′y′, x′′y′′.
To find the coordinates of the point
cutting in a given ratio m : n, the
line segment joining two given points
(x1, y1), (x2, y2).
Let x, y be the coordinates of the
point R which we seek to determine,
then
Let (x, y) be the coordinates of
the point R which we seek to deter-
mine, then
m : n :: PR : RQ :: MS : SN
or
m : n :: x1 − x : x− x2
or
mx−mx2 = nx1 − nx
hence
x =
mx2 + nx1
m+ n
In like manner
y =
my2 + ny1
m+ n
If the line were to be cut exter-
nally in the given ratio, we should
have
If the line were to be cut exter-
nally in the given ratio, we should
have
m : n :: x− x1 : x− x2
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Figure 5: Coordinates of a Point Cutting a Line Segment
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and therefore
x =
mx2 − nx1
m− n , y =
my2 − ny1
m− n
It will be observed that the formu-
lae for external section are obtained
from those for internal section by chang-
ing the sign of the ratio; that is, by
changing m : +n into m : −n. In
fact, in the case of internal section,
PR and RQ are measured in the same
direction, and their ratio (Art. 6) is
to be counted as positive. But in the
case of external section PR and RQ
are measured in opposite directions,
and their ratio is negative.
The formulae for external section
are obtained from those for internal
section by changing the sign of the ra-
tio: by changing m : +n into m : −n.
In the case of internal section, the
lengths of PR and RQ are measured
in the same direction, and their ratio
(Art. 6) is positive. But in the case
of external section, the lengths of PR
and RQ are measured in opposite di-
rections, and their ratio is negative.
Ex. 1) To find the coordinates of the middle point of the line joining the
points x1y2, x2y2.
Ex. 2) To find the coordinates of the middle points of the sides of the
triangle, the coordinates of whose vertices are (2, 3), (4,−5), (−3,−6).
Ex. 3) The line joining the points (2, 3), (4,−5) is trisected; to find the
coordinates of the point of trisection nearest the former point.
Ex. 4) The coordinates of the vertices of a triangle being x1y1, x2y2, x3y3,
to find the point of trisection (remote from the vertex) of the line joining
any vertex to the middle point on the opposite side.
Ex. 5) To find the coordinates of the intersection of the bisectors of the
sides of the triangles, the coordinates of whose vertices are given in Ex. 2.
Ex. 6) Any side of a triangle is cut in the ratio m : n, and the line joining
this to the opposite vertex is cut in the ratio m+ n : l; to find the
coordinates of the point of section.
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Transformation of Coordinates
6.1.8 Article 8
When we know the coordinates of a
point referred to one pair of axes, it
is frequently necessary to find its co-
ordinates referred to another pair of
axes. This operation is called the trans-
formation of coordinates.
We shall consider three cases sep-
arately; first, we shall suppose the ori-
gin changed, but the new axes paral-
lel to the old; secondly, we shall sup-
pose the directions of the axes changed,
but the origin to remain unaltered;
and thirdly, we shall suppose both ori-
gin and directions of axes to be al-
tered.
When we know the coordinates of a
point referred to one pair of axes, it
is frequently necessary to find its co-
ordinates referred to another pair of
axes. This operation is called the trans-
formation of coordinates.
We shall consider three cases sep-
arately: first, we shall suppose the
origin changed, but the new axes par-
allel to the old; secondly, we shall sup-
pose the directions of the axes changed,
but the origin to remain unaltered;
and thirdly, we shall suppose both ori-
gin and directions of axes to be al-
tered.
First. Let the new axes be paral-
lel to the old. Let Ox, Oy be the old
axes, O′X, O′Y the new axes. Let
the coordinates of the new origin re-
ferred to the old be x′, y′, orO′S = x′,
O′R = y′. Let the old coordinates be
x, y, the new X, Y , then we have
First. Let the new axes be parallel
to the old. Let
←−−→
O1X1,
←−→
O1Y1 be the
old axes,
←−−→
O2X2,
←−→
O2Y2 the new axes.
Let the coordinates of the new origin
referred to the old be a, y2, or O2S =
a, O2R = b. Let the old coordinates
be (x1, y1), the new (x2, y2), then we
have
OM = OR +RM, PM = PN +NM
that is
x1 = a+ x2, y1 = b+ y2
These formulae are, evidently, equally
true, whether the axes be oblique or
rectangular.
These formulae are true whether
the axes are oblique or rectangular.
39
X1
X2
Y1 Y2
b
a
N
O1
O2S
R M
P
Figure 6: Translating the Axes
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6.1.9 Article 9
Secondly, let the directions of the axes
be changed, while the origin is unal-
tered.
Secondly, let the directions of the axes
be changed, while the origin is unal-
tered.
Y2 Y1
X2
X1
S
Q MRO
N
P
Figure 7: Changing the Direction of the Axes
Let the original axes be Ox, Oy,
so that we have OQ = x, PQ = y.
Let the original axes be
←−→
OX1,
←→
OY1,
so that we have OQ = x1, PQ =
41
Let the new axes be OX, OY , so that
we have ON = X, PN = Y . Let
OX, OY make angles α, β, with the
old axis of x, and angles α′, β′ with
the old axis of y; and if the angle xOy
between the old axes be ω, we have
obviously α + α′ = ω, since XOx +
XOy = xOy; and in like manner β +
β′ = ω.
The formulae of transformation are
most easily obtained by expressing the
perpendiculars from P on the original
axes, in terms of the new coordinates
and the old. Since
y1. Let the new axes be
←−→
OX2,
←→
OY2,
so that we have ON = x2, PN =
y2. Let
←→
OX,
←→
OY make angles α1, β1,
with the old axis of x, and angles α2,
β2 with the old axis of y; and if the
angle 6 X1OY1 between the old axes
be ω, we have α1 + α2 = ω, since
m6 X2OX1+m6 X2OY1 = m6 X1OY1;
and in like manner β1 + β2 = ω.
The formulae of transformation are
most easily obtained by expressing the
perpendiculars from P on the original
axes, in terms of the new coordinates
and the old. Since
PM = PQ sinm6 PQM
we have
PM = y sinω
But also
PM = NR + PS = ON sinm6 NOR + PN sinm6 PNS
Hence
y sinω = X sinα1 + Y sin β1
In like manner
x sinω = X sinα2 + Y sin β2
or
x sinω = X sin(ω − α1) + Y sin(ω − β2)
In the figure the angles α, β, ω
are all measured on the same side of
Ox; and α′, β′, ω all on the same
side of Oy. If any of these angles lie
on the opposite side it must be given
a negative sign. Thus, if OY lie to
the left of Oy, the angle β is greater
In the figure the angles α1, β1, ω
are all measured on the same side of←−→
OX1; and α2, β2, ω all on the same
side of
←→
OY1. If any of these angles lie
on the opposite side it must be given
a negative sign. Thus, if
←→
OY2 lie to
the left of
←→
OY1, the angle β is greater
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than ω, and β′ = (ω−β1) is negative,
and therefore the coefficient of Y in
the expression for x sinω is negative.
This occurs in the following special
case, to which, as the one which most
frequently occurs in practice, we give
a separate figure.
To transform from a system of rect-
angular axes to a new rectangular sys-
tem making an angle with the old.
than ω, and β2 = (ω−β1) is negative,
and therefore the coefficient of y2 in
the expression for x sinω is negative.
This occurs in the following special
case, to which, as the one which most
frequently occurs in practice, we give
a separate figure.
To transform from a system of rect-
angular axes to a new rectangular sys-
tem making an angle θ with the old.
Here we have
α1 = θ, β1 = 90 + θ
α2 = 90− θ, β2 = −θ
And the general formulae become
y = X sin θ + Y cos θ
x = X cos θ − Y sin θ
The truth of which may also be
seen directly, since y = PS + NR,
x = OR− SN , while
Which may be seen directly, since
y = PS +NR, x = OR− SN , while
PS = PN cos θ,NR = ON sin θ;OR = ON cos θ, SN = PN sin θ
There is only one other case of
transformation which often occurs in
practice.
To transform from oblique coordi-
nates to rectangular, retaining the old
axis of x.
There is only one other case of
transformation which often occurs in
practice.
To transform from oblique coordi-
nates to rectangular, retaining the old
axis of x.
We may use the general formulae
making
We may use the general formulae
making
α1 = 0, β1 = 90, α2 = , β2 = ω − 90
But it is more simple to investi- But it is more simple to investi-
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Figure 8: Changing to a Different Set of Rectangular Axes
44
ωR
Q
N
M
P
O
Figure 9: Changing from Oblique to Rectangular Axes
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gate the formulae directly. We have
OQ and PQ for the old x and y, OM
and PM for the new; and since PQM =
ω, we have
gate the formulae directly. We have
OQ and PQ for the old x and y, OM
and PM for the new; and sincem6 PQM =
ω, we have
Y = y sinω,X = x+ y cosω
while from these equations we get
the expressions for the old coordinates
while from these equations we get
the expressions for the old coordinates
in terms of the new
y sinω = Y, x sinω = X sinω − Y cosω
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6.1.10 Article 10
Thirdly, by combining the transfor-
mation of the preceding articles, we
can find the coordinates of a point re-
ferred to two new axes in any position
whatever. We first find the coordi-
nates (by Art. 8) referred to a pair of
axes through the new origin parallel
to the old axes, and then (by Art. 9)
we can find the coordinates referred
to the required axes.
The general expressions are obvi-
ously obtained by adding x′ and y′ to
the values for x and y given in the
last article.
Thirdly, by combining the transfor-
mation of the preceding articles, we
can find the coordinates of a point
referred to two new axes in any po-
sition. We first find the coordinates
(by Art. 8) referred to a pair of axes
through the new origin parallel to the
old axes, and then (by Art. 9) we can
find the coordinates referred to the
required axes.
The general expressions are obtained
by adding x2 and y2 to the values for
x and y given in the last article.
Ex.1) The coordinates of the points satisfy the relation
x2 + y2 − 4x− 6y = 18
what will this become if the origin be transformed to the point (2, 3)?
Ex.2) The coordinates of a point to a set of rectangular axes satisfy the
relation y2 − x2 = 6; what will this become if transformed to axes bisecting
the angles between the given axes?
Ex.3) Transform the equation 2x2 − 5xy + 2y2 = 4 from axes inclined to
each other at an angle of 60◦ to the straight lines which bisect the angles
between the given axes.
Ex.4) Transform the same equation to rectangular axes, retaining the old
axis of x.
Ex.5) It is evident that when we change from one set of rectangular axes to
another, x2 + y2 must = X2 + Y 2, since both represent the square of the
distance of a point from the origin. Verify this by squaring and adding the
expressions for X and Y in Art. 9.
Ex.6) Verify in like manner in general that
x2 + y2 + 2xy cosm6 xOy = X2 + Y 2 + 2XY cosm6 XOY
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6.1.11 Article 11
The degree of any equation between
the coordinate is not altered by trans-
formation of coordinates.
Transformation cannot increase the
degree of the equation; for if the high-
est terms in the given equation be
xm, ym, etc., those in the transformed
equation will be [x′ sinω + x sin(ω −
α)+y sin(ω−β)]m, (y′ sinω+x sinα+
y sin β)m, etc., which evidently can-
not contain powers of x or y above the
mth degree. Neither can transforma-
tion diminish the degree of an equa-
tion, since by transforming the trans-
formed equation back again to the old
axes, we must fall back on the origi-
nal equation, and if the first transfor-
mation had diminished the degree of
the equation, the second should in-
crease it, contrary to what has just
been proved.
The degree of any equation between
the coordinate is not altered by trans-
formation of coordinates.
Transformation cannot increase the
degree of the equation; for if the high-
est terms in the given equation is xm1 ,
ym1 , etc., those in the transformed equa-
tion will be [x2 sinω+x1 sin(ω−α) +
y sin(ω−β)]m, (y2 sinω+x sinα+y sin β)m,
etc., which evidently cannot contain
powers of x or y above the mth degree.
Neither can transformation diminish
the degree of an equation, since by
transforming the transformed equa-
tion back again to the old axes, we
must fall back on the original equa-
tion, and if the first transformation
had diminished the degree of the equa-
tion, the second should increase it,
contrary to what has just been proved.
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Figure 10: Polar Coordinates
Polar Coordinates
6.1.12 Article 12
Another method of expressing the po-
sition of a point is often employed.
Another method of expressing the po-
sition of a point is often employed.
If we were given a fixed point O,
and a fixed line through it OB, it
is evident that we should know the
position of any point P , if we knew
the length of OP , and also the angle
POB. The line OP is called the ra-
dius vector ; the fixed point is called
the pole; and this method is called the
method of polar coordinates.
It is very easy, being given the x
and y coordinates of a point, to find
its polar ones, or vice versa.
First, let the fixed line coincide
with the axis of x, then we have
If we were given a fixed point O,
and a fixed line through it
←→
OB, it is
evident that we should know the po-
sition of any point P , if we knew the
length of OP , and also the measure of
angle 6 POB. The line OP is called
the radius vector; the fixed point is
called the pole; and this method is
called the method of polar coordi-
nates.
Given the x and y coordinates of
a point, it is simple to find its polar
ones, or vice versa.
First, let the radius vector coin-
cide with the axis of x, then we have
OP : PM :: sinm6 PMO : sinm6 POM
denoting OP by p, POM by θ, letting OP = p, m6 POM = θ,
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Figure 11: Finding Rectangular Coordinates from Polar
and Y OX by ω, then and m6 Y OX = ω, then
PM = y =
p sin θ
sinω
and similarly,
OM = x =
p sin(ω − θ
sinω
For the more ordinary case of rect-
angular coordinates, ω = 90, and we
have simply
For the more ordinary case of rect-
angular coordinates, ω = 90, and we
have
x = p cos θ, y = p sin θ
Secondly, let the fixed line OB not
coincide with the axis of x, but make
with it an angle = α, then
Second, let the fixed line
←→
OB not
coincide with the axis of x, but make
with it an angle of measure α, then
m6 POB = θ, m6 POM = θ − α
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Figure 12: Finding Rectangular Coordinates from Polar at an Angle from
the Axes
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and we have only to substitute θ−
α for θ in the preceding formulae.
For rectangular coordinates we have
and we substitute θ − α for θ in
the previous formulae.
For rectangular coordinates we have
x = p cos(θ − α), y = p sin(θ − α)
Ex. 1) Change to polar coordinates the following equations in rectangular
coordinates:
x2 + y2 = 5mx
x2 − y2 = a2
Ex. 2) Change to rectangular coordinates the following equations in polar
coordinates:
ρ2 sin 2θ = 2a2
ρ2 = a2 cos 2θ
ρ
1
2 cos
1
2
θ = a
1
2
ρ
1
2 = a
1
2 cos
1
2
θ
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Figure 13: The Distance between Points in Polar Coordinates
6.1.13 Article 13
To express the distance between two
points, in terms of their polar coordi-
nates.
To express the distance between two
points, in terms of their polar coordi-
nates.
Let P and Q be the two points, Let P and Q be the two points,
OP = p1,m6 POB = θ1
OQ = p2,m6 QOB = θ2
then
PQ2 = OP 2 +OQ2 − 2OP ∗OQ ∗ cosm6 POQ
or
δ2 = p21 + p
2
2 − 2p1p2cos(θ2 − θ1)
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6.1.14 Chapter Glossary
Coordinates: The measurement of position of points with reference to two
intersecting fixed lines.
Ordinate: The y-coordinate, the distance from a point to the x-axis,
measured parallel to the y-axis.
Abscissa: The x-coordinate, the distance from a point to the y-axis,
measured parallel to the x-axis.
Axes of Coordinates: The intersecting fixed lines which act as reference
for coordinates.
Origin: The intersection point of the axes. Represented by the point (0, 0)
Rectangular Coordinates: Coordinate system formed by axes which
intersect at a right angle.
Oblique Coordinates: Coordinate system formed by axes which intersect
at a non-right angle.
Transformation of Coordinates: The action of changing from one
system of coordinates to another.
Polar Coordinates: A system of coordinates locating the position of a
point with reference to a radius vector and the radius vector’s angle with a
fixed line.
Radius Vector: The vector whose length is the r-coordinate, and whose
angle with the fixed line is the θ-coordinate.
Pole: The reference point of polar coordinates, from which the radius
vector is measured, and which lies on the fixed line.
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6.2 Chapter 2 - The Straight Line
6.2.1 Article 14
Original Text
Any two equations between the co-
ordinates represent geometrically one
or more points.
If the equations be both of the
first degree (see Ex. 5, p. 4) they
denote a single point. For solving the
equations for x and y, we obtain a re-
sult of the form x = a, y = b, which,
as was proved in the last chapter, rep-
resents a point.
If the equations be of higher de-
gree, they represent more points than
one. For, eliminating y between the
equations, we obtain an equation con-
taining x only; let its roots be α1,
α2, α3, etc. Now, if we substitute
any of these values (α1) for x in the
original equations, we get two equa-
tions in y, which must have a common
root (since the result of elimination
between the equations is rendered =
0 by the supposition x = α1). Let this
common root be y = β1. Then the
values x = α1, y = β1, at once satisfy
both the given equations, and denote
a point which is represented by these
equations. So, in like manner, is the
point whose coordinates are x = α2,
y = β2, etc.
Updated Text
Any two equations between the co-
ordinates represent geometrically one
or more points.
If the equations are both of the
first degree (see Ex. 5, p. 4) they de-
note a single point. For solving the
equations for x and y, we obtain a re-
sult of the form x = a, y = b, which,
as was proved in the last chapter, rep-
resents a point.
If the equations are of higher de-
gree, they represent more points than
one. For, eliminating y between the
equations, we obtain an equation con-
taining x only; let its roots be α1,
α2, α3, etc. Now, if we substitute
any of these values (α1) for x in the
original equations, we get two equa-
tions in y, which must have a com-
mon root (since the result of elimi-
nation between the equations is ren-
dered equal to 0 by the supposition
x = α1). Let this common root be
y = β1. Then the values x = α1,
y = β1, at once satisfy both the given
equations, and denote a point which
is represented by these equations. So,
in like manner, is the point whose co-
ordinates are x = α2, y = β2, etc.
Ex. 1) What point is denoted by the equations 3x+ 5y = 13, 4x− y = 2
Ex. 2) What points are represented by the two equations x2 + y2 = 5,
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xy = 2? Eliminating y between the equations, we get x4 − 5x2 + 4 = 0. The
roots of this equation are x2 = 1 and x2 = 4, and, therefore, the 4 values of
x are
x = 1, x = −1, x = 2, x = −2
Ex. 3) What points are denoted by the equations
x− y = 1, x2 + y2 = 25
Ex. 4) What points are denoted by the equations
x2 − 5x+ y + 3 = 0, x2 + y2 − 5x− 3y + 6 = 0
56
6.2.2 Article 15
A single equation between the coordi-
nates denotes a geometrical locus.
One equation evidently does not
afford us conditions enough to deter-
mine the two unknown quantities x, y;
and an indefinite number of systems
of values of x and y can be found
which will satisfy the given equation.
And yet the coordinates of any point
taken at random will not satisfy it.
The assemblage then of points, whose
coordinates do satisfy the equation,
forms a locus, which is considered the
geometrical signification of the given
equation.
Thus, for example, we saw (Ex. 3,
p. 4) that the equation
A single equation between the coordi-
nates denotes a geometrical locus.
One equation evidently does not
afford us conditions enough to deter-
mine the two unknown quantities x, y;
and an indefinite number of systems
of values of x and y can be found
which will satisfy the given equation.
And yet the coordinates of any point
taken at random will not satisfy it.
The assemblage then of points, whose
coordinates do satisfy the equation,
forms a locus, which is considered
the geometrical signification of the given
equation.
Thus, for example, we saw (Ex. 3,
p. 4) that the equation
(x− 2)2 + (y − 3)2 = 16
expresses that the distance of the
point xy from the point (2, 3) = 4.
This equation then is satisfied by the
coordinates of any point on the circle
whose center is the point (2, 3), and
whose radius is 4; and by the coordi-
nates of no other point. This circle
then is the locus which the equation
is said to represent.
expresses that the distance of the
point (x, y) from the point (2, 3) = 4.
This equation then is satisfied by the
coordinates of any point on the circle
whose center is the point (2, 3), and
whose radius is 4; and by the coordi-
nates of no other point. This circle
then is the locus which the equation
is said to represent.
We can illustrate by a still sim-
pler example, that a single equation
between the coordinates signifies a lo-
cus. Let us recall the construction by
which (p. 1) we determined the po-
sition of a point from two equations
x = a, y = b1. We took OM = a; we
drew MK parallel to OY ; and then,
We can illustrate by a simpler ex-
ample, that a single equation between
the coordinates signifies a locus. Let
us recall the construction by which
(Art. 1) we determined the position
of a point from two equations x =
a, y = b1. We took OM = a; we
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Figure 14: The Position of Points on a Line
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measuring MP = b, we found P , the
point required. Had we been given a
different value of y, x = a, y = b′,
we should proceed as before, and we
should find a point P ′ still situated on
the line MK, but at a different dis-
tance from M . Lastly, if the value for
y were left wholly indeterminate, and
we were merely given the single equa-
tion x = a, we should know that the
point P was situated somewhere on
the line MK, but its position in that
line would not be determined. Hence
the line MK is the locus of all points
represented by the equation x = a,
since, whatever point we take on the
line MK, the x of that point will al-
ways = a.
drew
←−→
MK parallel to
←→
OY ; and then,
measuring MP = b, we found P1, the
point required. Had we been given a
different value of y, x = a, y = b2,
we should proceed as before, and we
should find a point P2 still situated on
the line
←−→
MK, but at a different dis-
tance from M . Lastly, if the value for
y were left wholly indeterminate, and
we were merely given the single equa-
tion x = a, we should know that the
point P was situated somewhere on
the line
←−→
MK, but its position on that
line would not be determined. Hence
the line
←−→
MK is the locus of all points
represented by the equation x = a,
since, whatever point we take on the
line
←−→
MK, the x-value of that point
will always be equal to a.
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6.2.3 Article 16
In general, if we are given an equa-
tion of any degree between the coor-
dinates, let us assume for x any value
we please (x = a), and the equation
will enable us to determine a finite
number of values of y answering to
this particular value of x; and, con-
sequently, the equation will be satis-
fied for each of these points (p, q, r,
etc), whose x is the assumed value,
and whose y is that found from the
equation. Again, assume for x any
other value (x = a′), and we find, in
like manner, another series of points,
p′, q′, r′, whose coordinates satisfy the
equation. So again, if we assume x =
a′′ or x = a′′′, etc. Now, if x is sup-
posed to take successively all possi-
ble values, the assemblage of points
found as above will form a locus, ev-
ery point of which satisfies the con-
ditions of the equation, and which is,
therefore, its geometrical signification.
In general, if we are given an equa-
tion of any degree between the coor-
dinates, let us assume for x any value
we please (x = a), and the equation
will enable us to determine a finite
number of y-values answering to this
particular value of x; and, consequently,
the equation will be satisfied for each
of these points (P1, Q1, R1, etc), whose
x is the assumed value, and whose
y is that found from the equation.
Again, assume for x any other value
(x = a2), and we find, in like manner,
another series of points, P2, Q2, R2,
whose coordinates satisfy the equa-
tion. So again, if we assume x = a3
or x = a4, etc. Now, if x is supposed
to take successively all possible val-
ues, the assemblage of points found
as above will form a locus, every point
of which satisfies the conditions of the
equation, and which is, therefore, its
geometrical signification.
We can find in the manner just
explained as many points of this locus
as we please, until we have enough to
represent its figure to the eye.
We can find as many points of this
locus as we please, until we have enough
to represent its figure to the eye.
Ex. 1) Represent in a figure a series of points which satisfy the equation
y = 2x+ 3.
Ex. 2) Represent the locus denoted by the equation y = x2 − 3x− 2.
Ex. 3) Represent the curve y = ±√20− x− x2.
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Figure 15: The Points of an Equation Satisfying a Given x-Value
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6.2.4 Article 17
The whole science of Analytic Geom-
etry is founded on the connexion which
has thus been proved to exist between
an equation and a locus. If a curve
be defined by any geometrical prop-
erty, it will be our business to de-
duce from that property an equation
which must be satisfied by the coor-
dinates of every point on the curve.
Thus, if a circle be defined as the lo-
cus of a point (x, y), whose distance
from a fixed point (a, b) is constant,
and equal to r, then the equation of
the circle in rectangular coordinates
is (Art. 4),
The whole science of Analytic Geom-
etry is founded on the connection be-
tween an equation and a locus. If a
curve is defined by any geometrical
property, it will be our business to de-
duce from that property an equation
which must be satisfied by the coor-
dinates of every point on the curve.
Thus, if a circle be defined as the lo-
cus of a point (x, y), whose distance
from a fixed point (a, b) is constant,
and equal to r, then the equation of
the circle in rectangular coordinates
is (Art. 4),
(x− a)2 + (y − b)2 = r2
On the other hand, it will be our
business when an equation is given,
to find the figure of the curve rep-
resented, and to deduce its geomet-
rical properties. In order to do this
systematically, we make a classifica-
tion of equation according to their de-
grees, and beginning with the sim-
plest, examine the form and proper-
ties of the locus represented by the
equation. The degree of an equation
is estimated by the highest value of
the sum of the indices of x and y in
any term. Thus the equation xy +
2x + 3y = 4 is of the second degree,
because it contains the term xy. If
this term were absent, it would be
of the first degree. A curve is said
to represent the nth degree when the
On the other hand, it will be our
business when an equation is given,
to find the figure of the curve rep-
resented, and to deduce its geomet-
rical properties. In order to do this
systematically, we make a classifica-
tion of equations according to their
degrees, and beginning with the sim-
plest, examine the form and proper-
ties of the locus represented by the
equation. The degree of an equation
is estimated by the highest value of
the sum of the exponents of x and
y in any term. Thus the equation
xy + 2x + 3y = 4 is of the second
degree, because it contains the term
xy. If this term were absent, it would
be of the first degree. A curve is said
to represent the nth degree when the
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equation which represents it is of that
degree.
We commence with the equation
of the first degree, and we shall prove
that this always represents a right line,
and, conversely, that the equation of
a right line is always of the first de-
gree.
equation which represents it is of that
degree.
We commence with the equation
of the first degree, and we shall prove
that this always represents a straight
line, and, conversely, that the equa-
tion of a straight line is always of the
first degree.
63
Figure 16: The Points on a Line Passing through the Origin
6.2.5 Article 18
We have already (Art. 15) interpreted
the simplest case of an equation of
the first degree, namely, the equation
x = a. In like manner, the equation
y = b represents a line PN paral-
lel to the axis OX, and meeting the
axis OY at a distance from the origin
ON = b. If we suppose b to be equal
to nothing, we see that the equation
y = 0 denotes the axis OX; and in
like manner that x = 0 denotes the
axis OY .
We have already (Art. 15) interpreted
the simplest case of an equation of the
first degree: the equation x = a. In
like manner, the equation y = b rep-
resents a line
←→
PN parallel to the axis←→
OX, and meeting the axis
←→
OY at a
distance from the origin ON = b. If
we suppose b is equal to 0, we see that
the equation y = 0 denotes the axis←→
OX; and in like manner that x = 0
denotes the axis
←→
OY .
Let us now proceed to case next
in order of simplicity, and let us ex-
amine what relation subsists between
the coordinates of points situated on
a right line passing through the ori-
gin.
If we take and point P on such a
line, we see that both the coordinates
Let us now proceed to case next in
order of simplicity, and let us examine
the relation between the coordinates
of points situated on a straight line
passing through the origin.
If we take and point P on such a
line, we see that both the coordinates
PM , OM , will vary in length, but
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PM , OM , will vary in length, but
that ratio PM : OM will be constant,
being = to the ratio
that ratio PM : OM will be constant,
being equal to the ratio
sinm 6 POM : sinm 6 MPO
Hence we see that the equation Hence we see that the equation
y =
sinm6 POM
sinm6 MPO
x
Will be satisfied for every point of
the line OP , and therefore this equa-
tion is said to be the equation of line
OP .
Conversely, if we were asked what
locus was represented by the equation
Will be satisfied for every point of
the line
←→
OP , and therefore this equa-
tion is said to be the equation of line←→
OP .
Conversely, if we were asked what
locus was represented by the equation
y = mx
write the equation in the form y/x =
m, and the question is: To find the lo-
cus of a point P , such that, if we draw
PM,PN parallel to two fixed lines,
the ratio PM : PN may be constant.
Now this locus is evidently a right line
OP , passing through O, the point of
intersection of the two fixed lines, and
dividing the angle between them in
such a manner that
Write the equation in the form y/x =
m, and the question becomes: To find
the locus of a point P , such that, if we
draw PM,PN parallel to two fixed
lines, the ratio PM : PN is constant.
Now this locus is evidently a straight
line
←→
OP , passing throughO, the point
of intersection of the two fixed lines,
and dividing the angle between them
such that
sinm6 POM = m sinm6 PON
If the axes be rectangular, sinPON =
cosPOM ; therefore m = tanPOM ,
and the equation y = mx represents a
right line passing through the origin,
and making an angle with the axis of
x, whose tangent is m.
If the axes are rectangular, sinm6 PON =
cosm6 POM ; thereforem = tanm6 POM ,
and the equation y = mx represents a
straight line passing through the ori-
gin, and making an angle with the
axis of x, whose tangent is m.
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6.2.6 Article 19
An equation of the form y = +mx
will denote a line OP , situated in the
angles Y OX, Y ′OX ′. For it appears,
from the equation y = +mx, that
whenever x is positive y will be posi-
tive, and whenever x is negative y will
be negative. Points, therefore, rep-
resented by this equation must have
their coordinates either both positive
or both negative, and such points we
saw (Art. 3) lie only in the angles
Y OX, Y ′OX ′. On the contrary, in or-
der to satisfy the equation y = −mx,
if x be positive y must be negative,
and if x be negative y must be posi-
tive. Points, therefore, satisfying this
equation will have their coordinates
of different signs; and the line repre-
sented by the equation, must, there-
fore (Art. 3), lie in the angles Y ′OX,
Y OX ′.
An equation of the form y = +mx
will denote a line
←→
OP , situated in the
angles 6 Y1OX1, 6 Y2OX2. For , from
the equation y = +mx, that when-
ever x is positive y will be positive,
and whenever x is negative y will be
negative. Points represented by this
equation must have their coordinates
either both positive or both negative,
and such points we saw (Art. 3) lie
only in the angles 6 Y1OX1, 6 Y2OX2.
On the contrary, in order to satisfy
the equation y = −mx, if x be posi-
tive y must be negative, and if x be
negative y must be positive. Points,
therefore, satisfying this equation will
have their coordinates of different signs;
and the line represented by the equa-
tion, must, therefore (Art. 3), lie in
the angles 6 Y2OX1, 6 Y1OX2.
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Figure 17: The Representation of a Straight Line without Regard to the Axes
6.2.7 Article 20
Let us now examine how to represent
a right line PQ, situated in any man-
ner with regard to the axes.
Let us now examine how to represent
a straight line
←→
PQ, situated without
regard to the axes.
Draw OR through the origin par-
allel to PQ, and let the coordinate
PM meet OR in R. Now it is plain
(as in Art. 18), that the ratio RM :
OM will always be constant (RM al-
ways equal, suppose, to m∗OM); but
the ordinate PM differs from RM by
the constant length PR = OQ, which
we shall call b. Hence we may write
down the equation
Draw
←→
OR through the origin par-
allel to
←→
PQ, and let the coordinate
PM meet
←→
OR in R. As in Art. 18,
the ratio RM : OM will always be
constant (RM always equal, suppose,
to m∗OM), but the ordinate PM dif-
fers from RM by the constant length
PR = OQ, which we shall call b. Hence
we may write down the equation
PM = RM + PR, orPM = m ∗OM + PR
That is
y = mx+ b
The equation, therefore, y = mx+
b, being satisfied by every point of the
line PQ, is said to be the equation of
The equation, y = mx + b, satis-
fied by every point of the line
←→
PQ, is
said to be the equation of that line.
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that line.
It appears from the last Article,
that m will be positive or negative
according as OR, parallel to the right
line PQ, lies in the angle Y OX, or
Y ′OX. And, again, b will be positive
or negative according as the point Q,
in which the line meetsOY , lies above
or below the origin.
Conversely, the equation y = mx+
b will always denote a right line; for
the equation can be put into the form
It appears from the last Article,
that m will be positive or negative ac-
cording as
←→
OR, parallel to the straight
line
←→
PQ, lies in the angle 6 Y1OX1,
or 6 Y2OX1. And, again, b will be
positive or negative according as the
point Q, in which the line meets
←→
OY ,
lies above or below the origin.
Conversely, the equation y = mx+
b will always denote a straight line;
for the equation can be put into the
form
y − b
x
= m
Now, since if we draw the line QT
parallel to OM , TM will be = b, and
PT therefore = y − b, the question
becomes: To find the locus of a point,
such that, if we draw PT parallel to
OY to meet the fixed line QT , PT
may be to QT in a constant ratio; and
this locus evidently is the right line
PQ passing through Q.
The most general equation of the
first degree, Ax + By + C = 0, can
obviously be reduced to the form y =
mx+ b, since it is equivalent to
Now, since if we draw the line
←→
QT
parallel to
←−→
OM , TM will be equal to
b, and PT therefore equals y − b, the
question becomes: To find the locus
of a point, such that, if we draw PT
parallel to
←→
OY to meet the fixed line←→
QT , PT may be to QT in a constant
ratio; and this locus evidently is the
straight line
←→
PQ passing through Q.
The most general equation of the
first degree, Ax + By + C = 0, can
obviously be reduced to the form y =
mx+ b, since it is equivalent to
y =
−A
B
x− C
B
this equation therefore always rep-
resents a right line.
this equation therefore always rep-
resents a straight line.
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6.2.8 Article 21
From the last Articles we are able to
ascertain the geometrical meaning of
the constants in the equation of a right
line. If the straight line represented
by the equation y = mx+ b make an
angle = α with the axis of x, and = β
with the axis of y, then (Art. 18)
From the last Articles we are able to
ascertain the geometrical meaning of
the constants in the equation of a straight
line. If the straight line represented
by the equation y = mx+ b make an
angle of measure α with the axis of x,
and β with the axis of y, then (Art.
18)
m =
sinα
sin β
and if the axes be rectangular, m =
tanα.
We saw (Art. 20) that b is the
intercept which the line cuts off on
the axis of y.
If the equation be given in the gen-
eral form Ax + By + C = 0, we can
reduce it, as in the last Article, to the
form y = mx+ b, and we find that
and if the axes are rectangular,
m = tanα.
We saw (Art. 20) that b is the
intercept which the line cuts off on
the axis of y.
If the equation is given in the gen-
eral form Ax + By + C = 0, we can
reduce it, as in the last Article, to the
form y = mx+ b, and we find that
−A
B
=
sinα
sin β
or if the axes be rectangular =
tanα; and that −C
B
is the length of
the intercept made by the line on the
axis of y.
Cor. The lines y = mx + b, y =
m′x+ b′ will be parallel to each other
if m = m′, since they will both make
the same angle with the axis. Sim-
ilarly the lines Ax + By + C = 0,
A′x+B′y+C ′ = 0, will be parallel if
or if the axes are rectangular −A
B
=
tanα; and that −C
B
is the length of the
intercept made by the line on the axis
of y.
Cor. The lines y = m1x + b1,
y = m2x + b2 will be parallel to each
other if m1 = m2, since they will both
make the same angle with the axis.
Similarly the lines A1x+B1y+C1 = 0,
A2x + B2y + C2 = 0, will be parallel
if
A1
B1
=
A2
B2
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.
Beside the forms Ax+By+C = 0
and y = mx + b, there are two other
forms in which the equation of a right
line is frequently used; these we next
proceed to lay before the reader.
Beside the forms Ax + By + C =
0 and y = mx + b, there are two
other forms in which the equation of
a straight line is frequently used.
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6.2.9 Article 22
To express the equation of a line MN
in terms of the intercepts OM = a,
ON = b which it cuts off on the axes.
We can derive this from the form
already considered
To express the equation of a line
←−→
MN
in terms of the intercepts OM = a,
ON = b which it cuts off on the axes.
We can derive this from the form
already considered
Ax+By + C = 0, or
A
C
x+
B
C
y + 1 = 0
This equation must be satisfied by
the coordinates of every point onMN ,
and therefore by those of M , which
(see Art. 2) are x = a, y = 0, Hence
we have
This equation must be satisfied by
the coordinates of every point onM1N1,
and therefore by those of M1, which
(see Art. 2) are x = a, y = 0, Hence
we have
A
C
a+ 1 = 0,
A
C
= −1
a
In like manner, since the equation
is satisfied by the coordinates of N ,
(x = 0, y = b), we have
In like manner, since the equation
is satisfied by the coordinates of N1,
(x = 0, y = b), we have
B
C
= −1
b
Substituting which values in the
general form, it becomes
Substituting which values in the
general form, it becomes
x
a
+
y
b
= 1
This equation holds whether the
axes be oblique or rectangular.
It is plain that the position of the
line will vary with the signs of the
quantities a and b. For example, the
equation x
a
+ y
b
= 1, which cuts off the
positive intercepts on both axes, rep-
resents the line MN on the preceding
figure; x
a
− y
b
= 1, cutting off a pos-
itive intercept on the axis of x, and
This equation holds whether the
axes are oblique or rectangular.
The position of the line will vary
with the signs of the quantities a and
b. For example, the equation x
a
+ y
b
=
1, which cuts off the positive inter-
cepts on both axes, represents the line
M1N1 on the preceding figure;
x
a
− y
b
=
1, cutting off a positive intercept on
the axis of x, and a negative intercept
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M2
N2
O
N1
M1
Figure 18: The Representation of a Line by its Intercepts
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a negative intercept on the axis of y,
represents MN ′.
Similarly,
on the axis of y, represents M1N2.
Similarly,
−x
a
+
y
b
= 1
represents N1M2; and
−x
a
− y
b
= 1
represents M2N2.
By dividing by the constant term,
any equation of the first degree can
evidently be reduced to some one of
these four forms.
By dividing by the constant term,
any equation of the first degree can
evidently be reduced to some one of
these four forms.
Ex. 1) Examine the position of the following lines, and find the intercepts
they make on the axes:
2x− 3y = 7; 3x+ 4y + 9 = 0;
3x+ 2y = 6; 4y − 5x = 20
Ex. 2) The sides of a triangle being taken for axes, form the equation of the
line joining the points which cut off the mth part of each, and show, by Art.
21, that it is parallel to the base.
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6.2.10 Article 23
To express the equation of a right line
in terms of the length of the perpen-
dicular on it from the origin, and of
the angles which this perpendicular makes
with the axes.
To express the equation of a straight
line in terms of the length of the per-
pendicular on it from the origin, and
of the angles which this perpendicular
makes with the axes.
Let the length of perpendicularOP =
p, the angle POM which it makes
with the axis of x = α, PON = β,
OM = a, ON = b.
We saw (Art. 22) that the equa-
tion of a right line MN was
Let the length of perpendicularOP =
p, the angle 6 POM which it makes
with the axis of x have measure α,
m6 PON = β, OM = a, ON = b.
We saw (Art. 22) that the equa-
tion of a straight line
←−→
MN was
x
a
+
y
b
= 1
Multiply this equation by p, and
we have
Multiply this equation by p, and
we have
p
a
x+
p
b
y = p
But p
a
= cosα, p
b
= cos β; there-
fore the equation of the line is
But p
a
= cosα, p
b
= cos β; there-
fore the equation of the line is
x cosα + y cos β = p
In rectangular coordinates, which
we shall generally use, we have β =
90−α; and the equation becomes x cosα
+y sinα = p. This equation will in-
clude the four cases of Art. 22, if we
suppose that α may take any value
from 0 to 360. Thus, for the posi-
tion NM ′, α is between 90 and 180,
and the coefficient of x is negative.
For the position M ′N ′, α is between
180 and 270, and has both sine and
cosine negative. For MN ′, α is be-
tween 270 and 360, and has a negative
In rectangular coordinates, which
we shall generally use, we have β =
90−α; and the equation becomes x cosα
+y sinα = p. This equation will in-
clude the four cases of Art. 22, if we
suppose that α may take any value
from 0 to 360. Thus, for the posi-
tion N1M2, α is between 90 and 180,
and the coefficient of x is negative.
For the position M2N2, α is between
180 and 270, and has both sine and
cosine negative. For M1N2, α is be-
tween 270 and 360, and has a negative
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b
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N
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P
Figure 19: The Representation of a Line by Perpendicular on it from the
Origin
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sine and positive cosine. In the last
two cases, however, it is more conve-
nient to write the formula x cosα +
y sinα = −p, and consider α to de-
note the angle, ranging between 0 and
180. Made with the positive direction
of the axis of x, by the perpendicular
produced. In using, then, the formula
x cosα+ y sinα = p, we suppose p to
be capable of a double sign, and α to
denote the angle, not exceeding 180,
made with the axis of x either by the
perpendicular or its production.
The general form Ax+By +C =
0, can easily be reduced to the form
x cosα + y sinα = p; for dividing it
by
√
A2 +B2, we have
sine and positive cosine. In the last
two cases, however, it is more conve-
nient to write the formula x cosα +
y sinα = −p, and consider α to de-
note the angle, ranging between 0 and
180. Made with the positive direction
of the axis of x, by the perpendicular
produced. In using, then, the formula
x cosα+ y sinα = p, we suppose p to
be capable of a double sign, and α to
denote the angle, less than or equal to
180, made with the axis of x either by
the perpendicular or its production.
The general formAx+By+C = 0,
can be reduced to the form x cosα +
y sinα = p; for dividing it by
√
A2 +B2,
we have
A√
A2 +B2
x+
B√
A2 +B2
y +
C√
A2 +B2
But we may take
A√
A2 +B2
= cosα,
B√
A2 +B2
= sinα
since the sum of the squares of
these two quantities = 1.
Hence we learn that A√
A2+B2
and
B√
A2+B2
are respectively the cosine and
sine of the angle which the perpen-
dicular from the origin on the line
Ax+By+C = 0 makes with the axis
of x, and that C√
A2+B2
is the length of
this perpendicular.
since the sum of the squares of
these two quantities is equal to 1.
Hence, we learn that A√
A2+B2
and
B√
A2+B2
are respectively the cosine and
sine of the angle which the perpen-
dicular from the origin on the line
Ax+By+C = 0 makes with the axis
of x, and that C√
A2+B2
is the length of
this perpendicular.
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6.2.11 Article 24
To reduce the equation Ax+By+C =
0 (referred to oblique coordinates) to
the form x cosα + y cos β = p.
Let us suppose that the given equa-
tion when multiplied by a certain fac-
tor R is reduced to the required form,
then RA = cosα, RB = cos β. But
is can easily be proved that, if α and
β be any two angles whose sum is ω,
we shall have
To reduce the equation Ax+By+C =
0 (referred to oblique coordinates) to
the form x cosα + y cos β = p.
Let us suppose that the given equa-
tion when multiplied by a certain fac-
tor R is reduced to the required form,
then RA = cosα,RB = cos β. But is
can easily be proved that, if α and β
be any two angles whose sum is ω, we
shall have
cos2 α + cos2 β − 2 cosα cos β cosω = sin2 ω
Hence
R2(A2 +B2 − 2AB cosω) = sin2 ω
and the equation reduced to the
required form is
and the equation reduced to the
required form is
A sinω√
A2 +B2 − 2AB cosωx+
B sinω√
A2 +B2 − 2AB cosωy+
C sinω√
A2 +B2 − 2AB cosω = 0
And we learn that And we learn that
A sinω√
A2 +B2 − 2AB cosω ,
B sinω√
A2 +B2 − 2AB cosω
are respectively the cosines of the
angles that the perpendicular from the
origin on the line Ax + By + C = 0
makes with the axes of x and y; and
that C sinω√
A2+B2−2AB cosω is the length of
this perpendicular. This length may
be also easily calculated by dividing
the double area of the triangle NOM ,
(ON∗OM sinω) by the length ofMN ,
expressions for which are easily found.
The square root in the denomina-
are respectively the cosines of the
angles that the perpendicular from the
origin on the line Ax + By + C = 0
makes with the axes of x and y; and
that C sinω√
A2+B2−2AB cosω is the length of
this perpendicular. This length may
be also calculated by dividing the dou-
ble area of the triangle NOM , (ON ∗
OM sinω) by the length of MN .
The square root in the denomina-
tors is susceptible to a double sign,
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tors is, of course, susceptible of a dou-
ble sign, since the equation may be
reduced to either of the forms
since the equation may be reduced to
either of the forms
x cosα + y cos β − p = 0, x cos(α + 180) + y cos(β + 180) + p = 0
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6.2.12 Article 25
To find the angle between two lines
whose equations with regard to rect-
angular axes are given.
The angle between the lines is man-
ifestly equal to the angle between the
perpendiculars on the lines from the
origin; if therefore these perpendicu-
lars make with the axis of x the angles
α, α′, we have (Art. 23)
To find the angle between two lines
whose equations with regard to rect-
angular axes are given.
The angle between the lines is equal
to the angle between the perpendic-
ulars on the lines from the origin if
these perpendiculars make with the
axis of x the angles α1, α2, we have
(Art. 23)
cosα1 =
A1√
A21 +B
2
1
; sinα =
B1√
A21 +B
2
1
cosα2 =
A2√
A22 +B
2
2
; sinα2 =
B2√
A22 +B
2
2
Hence
sin(α1 − α2) = B1A2 − A1B2√
A21 +B
2
1
√
A22 +B
2
2
cos(α1 − α2) = A1A2 +B1B2√
A21 +B
2
1
√
A22 +B
2
2
and therefore
tan(α1 − α2) = B1A2 − A1B2
A1A2 +B1B2
Cor. 1. The two lines are parallel
to each other when (Art. 21)
Cor. 1. The two lines are parallel
to each other when (Art. 21)
B1A2 − A1B2 = 0
since the angle between them van-
ishes.
since the angle between them is 0.
Cor. 2. The two lines are per-
pendicular to each other when AA′+
BB′ = 0, since the tangent of the an-
gle between them becomes infinite.
If the equations of the lines had
been given in the form
Cor. 2. The two lines are perpen-
dicular to each other when A1A2 +
B1B2 = 0, since the tangent of the
angle between them becomes infinite.
If the equations of the lines had
been given in the form
y = m1x+ b1, y = m2x+ b279
since the angle between the lines is
the difference of the angles they make
with the axis of x, and since (Art. 21)
the tangents of these angles arem and
m′, it follows that the tangent of the
required angle is m−m
′
1+mm′ ; that the lines
are parallel if m = m′; and perpendic-
ular to each other if mm′ + 1 = 0.
since the angle between the lines
is the difference of the angles they
make with the axis of x, and since
(Art. 21) the tangents of these an-
gles are m1 and m2, it follows that
the tangent of the required angle is
m1−m2
1+m1m2
; that the lines are parallel if
m1 = m2; and perpendicular to each
other if m1m2 + 1 = 0.
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6.2.13 Article 26
To find the angle between two lines,
the coordinates being oblique.
We proceed as in the last article,
using the expressions of Art. 24,
To find the angle between two lines,
the coordinates being oblique.
We proceed as in the last article,
using the expressions of Art. 24,
cosα1 =
A1 sinω√
A21 +B
2
1 − 2A1B1 cosω
cosα2 =
A2 sinω√
A22 +B
2
2 − 2A2B2 cosω
consequently,
sinα1 =
B1 − A1 cosω√
A21 +B
2
1 − 2A1B1 cosω
sinα2 =
B2 − A2 cosω√
A22 +B
2
2 − 2A2B2 cosω
Hence
sin(α1 − α2) = (B1A2 − A1B2) cosω√
A21 +B
2
1 − 2A1B1 cosω
√
A22 +B
2
2 − 2A2B2 cosω
cos(α1 − α2) = B1B2 + A1A2 − (A1B2 + A2B1) cosω√
A21 +B
2
1 − 2A1B1 cosω
√
A22 +B
2
2 − 2A2B2 cosω
tan(α1 − α2) = (B1A2 − A1B2) cosω
B1B2 + A1A2 − (A1B2 + A2B1) cosω
Cor. 1. The lines are parallel if
BA′ = AB′
Cor. 2. The lines are perpendicu-
lar to each other if
Cor. 1. The lines are parallel if
B1A2 = A1B2
Cor. 2. The lines are perpendicu-
lar to each other if
A1A2 +B1B2 = (A1B2 +B1A2) cosω
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6.2.14 Article 27
A right line can be found to satisfy
any two conditions.
Each of the forms that we have
given of the general equation of a right
line includes two constants. Thus the
forms y = mx+ b, x cosα+ y sinα =
p, involve the constants m and b, p
and α. The only form which appears
to contain more constants is Ax +
By + C = 0; but in this case we are
concerned not with the absolute mag-
nitudes, but only with the mutual ra-
tios of the quantities A, B, C. For
if we multiply or divide by any con-
stant, it will still represent the same
line: we may divide therefore by C,
when the equation will only contain
two constants A
C
, B
C
. Choosing, then,
any of these forms, such as y = mx+
b, to represent a line in general, we
may considerm and b as two unknown
quantities to be determined. And when
any two conditions are given we are
able to find the values of m and b,
corresponding to the particular line
which satisfies these conditions. This
is sufficiently illustrated by the exam-
ples in Arts. 28, 29, 32, 33.
A straight line can be found to satisfy
any two conditions.
Each of the forms that we have
given of the general equation of a straight
line includes two constants. Thus the
forms y = mx+b, x cosα+y sinα = p,
involve the constants m and b, p and
α. The only form which appears to
contain more constants is Ax+By+
C = 0; but in this case we are con-
cerned not with the absolute magni-
tudes, but only with the mutual ra-
tios of the quantities A,B,C. For
if we multiply or divide by any con-
stant, it will still represent the same
line: we may divide therefore by C,
when the equation will only contain
two constants A
C
, B
C
. Choosing, then,
any of these forms, such as y = mx+
b, to represent a line in general, we
may considerm and b as two unknown
quantities to be determined. And when
any two conditions are given we are
able to find the values of m and b,
corresponding to the particular line
which satisfies these conditions. This
is illustrated by the examples in Arts.
28, 29, 32, 33.
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6.2.15 Article 28
To find the equation of a straight line
parallel to a given one, and passing
through a given point x′y′.
If the line y = mx+b be parallel to
a given one, the constant m is known
(Cor., Art. 21). And if it passes
through a fixed point, the equation,
being true for every point on the line,
is true for the point x′y′, and there-
fore we have y′ = mx′ + b, which
determines b. The required equation
then is
To find the equation of a straight line
parallel to a given one, and passing
through a given point (x1, y1).
If the line y = mx+b be parallel to
a given one, the constant m is known
(Cor., Art. 21). And if it passes
through a fixed point, the equation,
being true for every point on the line,
is true for the point (x1, y1), and there-
fore we have y1 = mx1 + b, which
determines b. The required equation
then is
y = mx+ y1 −mx1, y − y1 = m(x− x1)
If in this equation we consider m
as indeterminate, we have the gen-
eral equation of a right line passing
through the point x′y′.
If in this equation we consider m
as indeterminate, we have the gen-
eral equation of a straight line passing
through the point (x1, y1).
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6.2.16 Article 29
To find the equation of a right line
passing through two fixed points x′y′,
x′′y′′.
We found, in the last article, that
the general equation of a right line
passing through x′y′ is one which may
be written in the form
To find the equation of a straight line
passing through two fixed points (x1, y1),
(x2, y2).
We found, in the last article, that
the general equation of a straight line
passing through (x1, y1) is one which
may be written in the form
y − y1
x− x1 = m
where m is indeterminate. But
since the line must also pass through
the point x′′y′′, this must be satisfied
when the coordinates x′′, y′′, are sub-
stituted for x and y; hence
where m is indeterminate. But
since the line must also pass through
the point (x2, y2), this must be satis-
fied when the coordinates x2, y2, are
substituted for x and y; hence
y2 − y1
x2 − x1 = m
Substituting this value of m, the
equation of the line becomes
Substituting this value of m, the
equation of the line becomes
y − y1
x− x1 =
y2 − y1
x2 − x1
In this form the equation can be
easily remembered, but clearing it of
fractions, we obtain it in a form which
is sometimes more convenient,
Clearing it of fractions, we obtain
it in a form which is sometimes more
convenient,
(y1 − y2)x− (x1 − x2)y + x1y2 − y1x2 = 0
The equation may also be written
in the form
The equation may also be written
in the form
(x− x1)(y − y2)(x− x2)(y − y1)
For this is the equation of a right
line, since the terms xy, which appear
For this is the equation of a straight
line, since the terms xy, which appear
84
on both sides, destroy each other; and
it is satisfied either by making x = x′,
y = y′, or x = x′′, y = y′′. Expanding
it, we find the same result as before.
Cor. The equation of the line join-
ing the point x′y′ to the origin is y′x =
x′y.
on both sides, destroy each other; and
it is satisfied either by making x =
x1, y = y1, or x = x2, y = y2. Ex-
panding it, we find the same result as
before.
Cor. The equation of the line join-
ing the point (x1, y1) to the origin is
y1x = x1y.
Ex. 1) Form the equations of the sides of a triangle, the coordinates of
whose vertices are (2, 1), (3,−2), (−4, 1).
Ex. 2) Form the equations of the sides of a triangle formed by (2, 3),
(4,−5), (−3,−6).
Ex. 3) Form the equation of the line joining the points
(x1, y1); (
mx1 + nx2
m+ n
,
my1 + ny2
m+ n
)
Ex. 4) Form the equation of the line joining
(x1, y1); (
x2 + x3
2
,
y2 + y3
2
)
Ex. 5) Form the equations of the bisectors of the sides of the triangle
described in Ex. 2.
Ex. 6) Form the equation of the line joining
(
lx1 −mx2
l −m ,
ly1 −my2
l −m );
lx1 − nx3
l − n , (
ly1 − ny3
l − n )
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6.2.17 Article 30
To find the condition that three points
shall lie on one right line.
We found (in Art. 29) the equa-
tion of the line joining two of them,
and we have only to see if the coordi-
nate of the third will satisfy this equa-
tion. The condition, therefore, is
To find the condition that three points
shall lie on one straight line.
We found (in Art. 29) the equa-
tion of the line joining two of them,
and we have to see if the coordinate
of the third will satisfy this equation.
The condition, therefore, is
(y1 − y2)x3 − (x1 − x2)y3 + (x1y1 − x2y1) = 0
which can be put into the more
symmetrical form
which can be put into the more
symmetrical form
y1(x2 − x3) + y2(x3 − x1) + y3(x1 − x3) = 0.
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6.2.18 Article 31
To find the point of intersection of
two right lines whose equations are
given.
Each equation expresses a relation
which must be satisfied by the coor-
dinates of the point required; we find
its coordinates, therefore, by solving
for the two unknown quantities x and
y, from the two given equations.
We said (Art. 14) that the posi-
tion of a point was determined, being
given two equations between its coor-
dinates. The reader will now perceive
that each equation represents a locus
on which the point must lie, and that
the point is the intersection of the
two loci represented by the equations.
Even the simplest equations to repre-
sent a point, viz x = a, y = b, are
the equations of which is the required
point. When the equations are both
of the first degree they denote but
one point; for each equation repre-
sents a right line, and two right lines
can only intersect in one point. In
the more general case, the loci repre-
sented by the equations are curves of
higher dimensions, which will inter-
sect each other in more points than
one.
To find the point of intersection of
two straight lines whose equations are
given.
Each equation expresses a relation
which must be satisfied by the coor-
dinates of the point required; we find
its coordinates, therefore, by solving
for the two unknown quantities x and
y, from the two given equations.
We said (Art. 14) that the posi-
tion of a point was determined, being
given two equations between its coor-
dinates. Each equation represents a
locus on which the point must lie, and
that the point is the intersection of
the two loci represented by the equa-
tions. Even the simplest equations to
represent a point, x = a and y =
b, are the equations of which is the
required point. When the equations
are both of the first degree they de-
note but one point; for each equa-
tion represents a straight line, and
two straight lines can only intersect
in one point. In the more general
case, the loci represented by the equa-
tions are curves of higher dimensions,
which will intersect each other in more
than one point.
Ex. 1) To find the coordinates of the vertices of the triangle the equations
whose sides are x+ y = 2; x− 3y = 4; 3x+ 5y + y = 0.
Ex. 2) To find the coordinates of the intersections of
3x+ y − 2 = 0; x+ 2y = 5; 2x− 3y + 7 = 0
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Ex. 3) Find the coordinates of the intersections of
2x+ 3y = 13; 5x− y = 7;x− 4y + 10 = 0
Ex. 4) Find the coordinates of the vertices, and the equations of the
diagonals, of the quadrilateral the equations of whose sides are
2y − 3x = 10, 2y + x = 6, 16x− 10y = 33, 12x+ 14y + 29 = 0
Ex. 5) Find the intersections of opposite sides of the same quadrilateral,
and the equation of the line joining them.
Ex. 6) Find the diagonals of the parallelogram formed by
x = a1, x = a2, y = b1, y = b2
Ex. 7) The axes of coordinates being the base of a triangle and the bisector
of the base, form the equations of the two bisectors of sides, and find the
coordinates of their intersection. Let the coordinates of the vertex be 0, y1,
those of the base angles x1, 0; and −x1, 0.
Ex. 8) Two opposite sides of a quadrilateral are taken for axes, and the
other two are
x
2a1
+
y
2b1
= 1,
x
2a2
+
y
2b2
= 1
find the coordinates of the middle points of diagonals.
Ex. 9) In the same case find the coordinates of the middle point of the line
joining the intersections of opposite sides.
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6.2.19 Article 32
To find the equation to rectangular axes
of a right line passing through a given
point, and perpendicular to a given
line, y = mx+ b.
The condition that the two lines
should be perpendicular, beingmm′ =
−1 (Art. 25), we have at once for the
equation of the required
To find the equation in rectangular axes
of a right line passing through a given
point, and perpendicular to a given
line, y = m1x+ b.
The condition that the two lines
should be perpendicular, beingm1m2 =
−1 (Art. 25), we have at once for the
equation of the required perpendicu-
lar
y − y1 = − 1
m1
(x− x1)
It is easy, from above, to see that
the equation of the perpendicular from
the point x′y′ on the line Ax+ By +
C = 0 is
From above, we see that the equa-
tion of the perpendicular from the point
(x1, y1) on the line Ax+By + C = 0
is
A(y − y1) = B(x− x1)
that is to say, we interchange the
coefficients of x and y, and alter the
sign of one of them.
that is to say, we interchange the
coefficients of x and y, and alter the
sign of one of them.
Ex. 1) To find the equations of the perpendiculars from each vertex on the
opposite side of the triangle (2, 1), (3,−2), (−4,−1).
Ex. 2) To find the equations of the perpendiculars at the middle points of
the side of the same triangle. The coordinates of the middle points being
(−1
2
,−3
2
), (−1, 0), (3
2
,−1
2
)
Ex. 3) Find the equations of the perpendiculars from the vertices of the
triangle (2, 3), (3,−5), (−3,−6) (see Art. 29, Ex. 2).
Ex. 4) Find the equations of the perpendiculars at the middle points of the
sides of the same triangle.
Ex. 5) To find in general the equations of the perpendiculars from the
vertices on the opposite sides of a triangle, the coordinates of whose
vertices are given.
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Ex. 6) Find the equations of the perpendiculars at the middle points of the
sides.
Ex. 7) Taking for axes the base of a triangle and the perpendicular on it
from the vertex, find the equations of the other two perpendiculars, and the
coordinates of their intersection. The coordinates of the vertex are now
(0, y1), and of the base andles (x2, 0), (−x3, 0)
Ex. 8) Using the same axes, find the equations of the perpendiculars at the
middle points of the sides, and the coordinates of their intersection.
Ex. 9) Form the equation of the perpendicular from x1y1 on the line
x cosα + y sinα = p; and find the coordinates of the intersection of this
perpendicular with the given line.
Ex. 10) Find the distance between the latter point and x1y1.
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6.2.20 Article 33
To find the equation of a line passing
through a given point and making a
given angle φ, with a given line y =
mx+ b (the axes of coordinates being
rectangular).
Let the equation of the required
line be
To find the equation of a line passing
through a given point and making a
given angle φ, with a given line y =
m1x+b (the axes of coordinates being
rectangular).
Let the equation of the required
line be
y − y2 = m2(x− x2)
and the formula of Art. 25, and the formula of Art. 25,
tanφ =
m1 −m2
1 +m1m2
enables us to determine enables us to determine
m2 =
m1 − tanφ
1 +m1 tanφ
91
Figure 20: Finding the Length of a Perpendicular from a Point on a Line
6.2.21 Article 34
To find the length of the perpendicular
from any point x′y′ on the line whose
equation is x cosα + y cos β − p = 0.
To find the length of the perpendicu-
lar from any point (x1, y1) on the line
whose equation is x cosα + y cos β −
p = 0.
We have already indicated (Ex. 9
and 10, Art. 32) one way of solv-
ing this question, and we wish now to
show how the same result may be ob-
tained geometrically. From the given
pointQ drawQR parallel to the given
line, and QS perpendicular. Then
OK = x′, and OT will be = x′ cosα.
Again, since SQK = β, and QK =
y′,
We have already indicated (Ex. 9
and 10, Art. 32) one way of solv-
ing this question, and we wish now to
show how the same result may be ob-
tained geometrically. From the given
pointQ drawQR parallel to the given
line, and QS perpendicular. Then
OK = x1, and OT will be = x1 cosα.
Again, sincem 6 SQK = β, andQK =
y1,
RT = QS = y1 cos β
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hence
x1 cosα + y1 cos β = OR
Subtract OP , the perpendicular
from the origin, and
Subtract OP , the perpendicular
from the origin, and
x1 cosα + y1 cos β − p = PR = QV
But if in the figure point Q had
been taken on the side of the line next
the origin, OR would have been less
thanOP , and we should have obtained
for the perpendicular the expression p
−x′ cosα − y′ cos β; and we see that
the perpendicular changes sign as we
pass from one side of the line to the
other. If we were only concerned with
one perpendicular, we should only look
to its absolute magnitude, and it would
be unmeaning to prefix any sign. But
if we were comparing the perpendic-
ulars from two points, such as Q and
S, it is evident (Art. 6) that the dis-
tances QV , SV , being measured in
opposite directions, must be taken with
opposite signs. We may then at plea-
sure choose for the expression for the
length of the perpendicular either±(p
−x′ cosα−y′ cos β). If we choose that
form in which the absolute term is
positive, this is equivalent to saying
that the perpendiculars which fall on
the side of the line next to the origin
are to be regarded as positive, and
those on the other side as negative;
and vice versa if we choose the other
form.
If the equation of the line had been
given in the form Ax + By + C = 0,
But if in the Figure 20 point Q
had been taken on the side of the line
next to the origin, OR would have
been less than OP , and we should
have obtained for the perpendicular
the expression p −x1 cosα− y1 cos β;
and we see that the perpendicular changes
sign as we pass from one side of the
line to the other. If we were only
concerned with one perpendicular, we
should only look to its magnitude, and
it would be unmeaning to prefix any
sign. But if we were comparing the
perpendiculars from two points, such
as Q and S, (Art. 6) the distances
QV, SV , being measured in opposite
directions, must be taken with oppo-
site signs. We may then choose for
the expression for the length of the
perpendicular either ±(p −x1 cosα−
y1 cos β). If we choose that form in
which the absolute term is positive,
this is equivalent to saying that the
perpendiculars which fall on the side
of the line next to the origin are to be
regarded as positive, and those on the
other side as negative, and vice versa
if we choose the other form.
If the equation of the line had been
given in the form Ax + By + C = 0,
we have only (Art. 24) to reduce it
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we have only (Art. 24) to reduce it
to the form
to the form
x cosα + y cos β − p = 0
and the length of the perpendicu-
lar from any point x′y′
and the length of the perpendicu-
lar from any point (x1, y1)
=
Ax1 +By1 + C√
A2 +B2
, or
(Ax1 +By1 + C) sinω√
A2 +B2 − 2AB cosω
according as the axes are rectan-
gular or oblique. By comparing the
expression for the perpendicular from
x′y′ with that for the perpendicular
from the origin, we see that x′y′ lies
on the same side of the line as the ori-
gin when Ax′+By′+C has the same
sign as C, and vice versa.
The condition that any point x′y′
should be on the right line Ax+By+
C = 0, is, of course, that the coor-
dinates should satisfy the given equa-
tion, or
according as the axes are rectan-
gular or oblique. By comparing the
expression for the perpendicular from
(x1, y1) with that for the perpendicu-
lar from the origin, we see that (x1, y1)
lies on the same side of the line as the
origin when Ax1 + By1 + C has the
same sign as C, and vice versa.
The condition that any point (x1, y1)
should be on the right line Ax+By+
C = 0, is that the coordinates should
satisfy the given equation, or
Ax1 +By1 + C = 0
And the present Article shows that
this condition is merely the algebraical
statement of the fact, that the per-
pendicular from the point x′y′ on the
given line is = 0.
And the present Article shows that
this condition is the algebraical state-
ment of the fact, that the perpendic-
ular from the point (x1, y1) on the
given line is = 0.
Ex. 1) Find the length of the perpendicular from the origin on the line
3x+ 4y + 20 = 0
the axes being rectangular.
Ex. 2) Find the length of the perpendicular on the point (2, 3) on
2x+ y − 4 = 0.
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Ex. 3) Find the lengths of the perpendiculars from each vertex on the
opposite side of the triangle (2, 1), (3,−2), (−4,−1).
Ex. 4) Find the length of the perpendicular from (3,−4) on 4x+ 2y = 7,
the angle between the axes being 60◦.
Ex. 5) Find the length of the perpendicular from the origin on
a(x− a) + b(y − b) = 0
95
6.2.22 Article 35
To find the equation of a line bisecting
the angle between two lines, x cosα+
y sinα−p = 0, x cos β+ y sin β−p′ =
0.
We find the equation of this line
most simply by expressing algebraically
the property that the perpendiculars
let fall from any point xy of the bisec-
tor on the two lines are equal. This
immediately gives us the equation
To find the equation of a line bisecting
the angle between two lines, x cosα+
y sinα−p1 = 0, x cos β+y sin β−p2 =
0.
We find the equation of this line
by expressing algebraically the prop-
erty that the perpendiculars from any
point (x, y) of the bisector on the two
lines are equal. This immediately gives
us the equation
x cosα + y sinα− p = ±(x cos β + y sin β − p2)
since each side of this equation de-
notes the length of one of those per-
pendiculars (Art. 34).
If the equations had been given in
the form Ax + By + C = 0, A′x +
B′y+C ′ = 0, the equation of a bisec-
tor would be
since each side of this equation de-
notes the length of one of those per-
pendiculars (Art. 34).
If the equations had been given
in the form A1x + B1y + C1 = 0,
A2x + B2y + C2 = 0, the equation
of a bisector would be
A1x+B1y + C1√
A21 +B
2
1
= ±A2x+B2y + C2√
A22 +B
2
2
It is evident from the double sign
that there are two bisectors: one such
that the perpendicular on what we
agree to consider the positive side of
one line is equal to the perpendicu-
lar on the negative side other; the
other such that the equal perpendic-
ulars are either both positive or both
negative.
If we choose that sign which will
make the two constant terms of the
same sign, it follows, from Art. 34,
that we shall have the bisector of that
It is evident from the double sign
that there are two bisectors: one such
that the perpendicular on what we
agree to consider the positive side of
one line is equal to the perpendicu-
lar on the negative side other; the
other such that the equal perpendic-
ulars are either both positive or both
negative.
If we choose the sign which will
make the two constant terms of the
same sign, it follows, from Art. 34,
that we shall have the bisector of that
96
angle in which the origin lies; and if
we give the constant terms opposite
signs, we shall have the equation of
the bisector of the supplemental an-
gle.
angle in which the origin lies; and if
we give the constant terms opposite
signs, we shall have the equation of
the bisector of the supplemental an-
gle.
Ex. 1) Reduce the equations of the bisectors of the angles between two lines
to the form x cosα + y sinα = p.
Ex. 2) Find the equations of the bisectors of the angles between
3x+ 4y − 9 = 0, 12x+ 5y − 3 = 0
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6.2.23 Article 36
To find the area of the triangle formed
by three points.
If we multiply the length of the
line joining two of the points, by the
perpendicular on that line from the
third point, we shall have double the
area. Now the length of the perpen-
dicular from x3y3 on the line joining
x1y1, x2y2, the axes being rectangu-
lar, is (Arts. 29, 34)
To find the area of the triangle formed
by three points.
If we multiply the length of the
line joining two of the points, by the
perpendicular on that line from the
third point, we shall have double the
area. Now the length of the perpen-
dicular from (x3, y3) on the line join-
ing (x1, y1), (x2, y2), the axes being rect-
angular, is (Arts. 29, 34)
(y1 − y2)x3 − (x1 − x2)y3 + x1y2 − x2y1√
(y1 − y2)2 + (x1 − x2)2
and the denominator of this frac-
tion is the length of the line joining
x1y1, x2y2, hence
and the denominator of this frac-
tion is the length of the line joining
(x1, y1), (x2, y2), hence
y1(x2 − x3) + y2(x3 − x1) + y3(x1 − x2)
represents double the area formed
by the three points.
If the axes be oblique, it will be
found, on repeating the investigation
with the formulae for oblique axes,
that the only change that will occur is
that the expression just given is to be
multiplied by sinω. Strictly speak-
ing, we ought to prefix to these ex-
pressions the double sign implicitly
involved in the square root used in
finding them. If we are concerned
with a single area we look only to its
absolute magnitude without regard to
sign. But if, for example, we are com-
paring two triangles whose vertices x3y3,
x4y4, are on opposite sides of the line
represents double the area formed
by the three points.
If the axes are oblique, it will be
found, on repeating the investigation
with the formulae for oblique axes,
that the only change that will occur is
that the expression just given is to be
multiplied by sinω. Strictly speak-
ing, these expressions should be pre-
fixed by the double sign implicitly in-
volved in the square root used in find-
ing them. If we are concerned with
a single area we look only to its ab-
solute magnitude without regard to
sign. But if, for example, we are com-
paring two triangles whose vertices (x3, y3),
(x4, y4), are on opposite sides of the
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joining x1y1, x2y2, we must give their
areas different signs; and the quadri-
lateral space included by the four points
is the sum instead of the difference of
the two triangles.
Cor. 1. Double the area of the
triangle formed by the lines joining
the points x1y1, x2y2 to the origin is
y1x2 − y2x1, as appears by making
x3 = 0, y3 = 0, in the preceding for-
mula.
Cor. 2. The condition that three
points should be on one right line,
when interpreted geometrically, asserts
that the area of the triangle formed
by the three points becomes = 0 (Art.
30).
line joining (x1, y1), (x2, y2), we must
give their areas different signs; and
the quadrilateral space included by
the four points is the sum instead of
the difference of the two triangles.
Cor. 1. Double the area of the tri-
angle formed by the lines joining the
points (x1, y1), (x2, y2) to the origin
is y1x2 − y2x1, as appears by making
x3 = 0, y3 = 0, in the preceding for-
mula.
Cor. 2. The condition that three
points should be on one straight line,
when interpreted geometrically, asserts
that the area of the triangle formed
by the three points equals 0 (Art. 30).
99
6.2.24 Article 37
To express the area of a polygon in
terms of the coordinates of its angular
points.
Take any point xy within the poly-
gon, and connect it with all the ver-
tices x1y1, x2y2, . . . xnyn; then evidently
the area of the polygon is the sum of
the areas of all triangles into which
the figure is thus divided. But by the
last Article double these areas are re-
spectively
To express the area of a polygon in
terms of the coordinates of its angular
points.
Take any point (x, y) within the
polygon, and connect it with all the
vertices (x1, y1), (x2, y2), . . . (xn, yn); then
the area of the polygon is the sum of
the areas of all triangles into which
the figure is thus divided. But by the
last Article double these areas are re-
spectively
x(y1 − y2)− y(x1 − x2) + x1y2 − x2y1
x(y2 − y3)− y(x2 − x3) + x2y3 − x3y2
x(y3 − y4)− y(x3 − x4) + x3y4 − x4y3
. . . . . . . . . . . .
x(yn−1 − yn)− y(xn−1 − xn) + xnyn−1 − xn−1yn
x(yn − y1)− y(xn − x1) + xny1 − x1yn
When we add these together, the
parts which multiply x and y vanish,
as they evidently ought to do, since
the value of the total area must be in-
dependent of the manner in which we
divide it into triangles; and we have
for double the area
When we add these together, the
parts which multiply x and y van-
ish, since the value of the total area
must be independent of the manner
in which we divide it into triangles;
and we have for double the area
(x1y2 − x2y1) + (x2y3 − x3y2) + (x3y4 − x4y3) + · · ·+ (xny1 − x1yn)
This may otherwise be written, This may otherwise be written,
x1(y2 − yn) + x2(y3 − y1) + x3(y4 − y2) + · · ·+ xn(y1 − yn−1)
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or else
y1(xn − x1) + y2(x1 − x3) + y3(x2 − x4) + · · ·+ yn(xn−1 − x1)
Ex. 1) Find the area of the triangle (2, 1), (3,−2), (−4,−1).
Ex. 2) Find the area of the triangle (2, 3), (4,−5), (−3,−6).
Ex. 3) Find the area of the quadrilateral (1, 1), (2, 3), (3, 3), (4, 1).
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6.2.25 Article 38
To find the condition that three right
lines shall meet in a point.
Let their equations be
To find the condition that three straight
lines shall meet in a point.
Let their equations be
A1x+B1y + C1 = 0, A2x+B2y + C2 = 0, A3x+B3y + C3 = 0
If they intersect, the coordinates
of the intersection of two of them must
satisfy the third equation. But the
coordinates of the intersection of the
first two are BC
′−B′C
AB′−A′B ,
CA′−C′A
AB′−A′B . Sub-
stituting in the third, we get, for the
required condition,
If they intersect, the coordinates
of the intersection of two of them must
satisfy the third equation. But the
coordinates of the intersection of the
first two are B1C2−B2C1
A1B2−A2B1 ,
C1A2−C2A1
A1B2−A2B1 . Sub-
stituting in the third, we get, for the
required condition,
A3(B1C2 −B2C1) +B3(C1A2 − C2A1) + C3(A1B2 − A2B1)
Which may also be written in either of the forms
A1(B2C3 −B3C2) +B1(C2A3 − C3A2) + C1(A2B3 − A3B2)
A1(B2C3 −B3C2) + A2(B3C1 −B1C3) + A3(B1C2 −B2C1)
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6.2.26 Article 39
To find the area of a triangle formed
by the three lines Ax + By + C =
0, A′x + B′y + C ′ = 0, A′′x + B′′y +
C ′′ = 0.
By solving for x and y from each
pair of equations in turn we obtain
the coordinates of the vertices, and
substituting them in the formula of
Art. 36 we obtain for the double area
the expression
To find the area of a triangle formed
by the three lines A1x + B1y + C1 =
0, A2x + B2y + C2 = 0, A3x + B3y +
C3 = 0.
By solving for x and y from each
pair of equations in turn we obtain
the coordinates of the vertices, and
substituting them in the formula of
Art. 36 we obtain for the double area
the expression
B1C2 −B2C1
A1B2 − A2B1
[
A2C3 − C2A3
B2A3 − A2B3 −
A3C1 − C3A1
B3A1 − A3B1
]
+
B2C3 −B3C2
A2B3 − A3B2
[
A3C1 − C3A1
B3A1 − A3B1 −
A1C2 − C1A2
B1A2 − A1B2
]
+
B3C1 −B1C3
A3B1 − A1B3
[
A1C2 − C1A2
B1A2 − A1B2 −
A2C3 − C2A3
B2A3 − A2B3
]
But if we reduce to a common de-
nominator, and observe that the nu-
merator of the fraction between the
first brackets is
But if we reduce to a common de-
nominator, and observe that the nu-
merator of the fraction between the
first brackets is
[A3(B1C2 −B2C1) + A1(B2C3 −B3C2) + A2(B3C1 − C3B1)]
Multiplied by A′′, and that the nu-
merators of the fractions between the
second and third brackets are the same
quantity multiplied respectively by A
and A′, we get for the double area the
expression
Multiplied by A3, and that the nu-
merators of the fractions between the
second and third brackets are the same
quantity multiplied respectively byA1
and A2, we get for the double area the
expression
[A3(B1C2 −B2C1) + A1(B2C3 −B3C2) + A2(B3C1 − C3B1)]
(A1B2 −B1A2)(A2B3 −B2A3)(A3B1 −B3A1)
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If the three line meet in a point,
this expression for the area vanishes
(Art. 38); if any two of them are par-
allel, it becomes infinite (Art. 25).
If the three line meet in a point,
this expression for the area equals 0
(Art. 38); if any two of them are par-
allel, it becomes infinite (Art. 25).
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6.2.27 Article 40
Given the equations of two right lines,
to find the equation of a third through
their point of intersection.
The method of solving this ques-
tion, which will first occur to the reader,
is to obtain the coordinates of the point
of intersection by Art 31, and then to
substitute these values for x′y′ in the
equation of Art. 28, viz., y − y′ =
m(x−x′). The question, however, ad-
mits of an easier solution by the help
of the following important principle:
If S = 0, S ′ = 0, be the equations
of any two loci, then the locus rep-
resented by the equation S + kS ′ =
0 (where k is any constant) passes
through every point common to the
two given loci. For it is plain that
any coordinates which will satisfy the
equation S = 0, and also satisfy the
equation S ′ = 0, must likewise satisfy
the equation S + kS ′ = 0.
Thus, then, the equation
Given the equations of two straight
lines, to find the equation of a third
through their point of intersection.
The method of solving this ques-
tion is to obtain the coordinates of
the point of intersection by Art 31,
and then to substitute these values
for (x1, y1) in the equation of Art. 28,
y − y1 = m(x − x1). The question,
however, admits of an easier solution
by the help of the following impor-
tant principle: If S1 = 0, S2 = 0, be
the equations of any two loci, then
the locus represented by the equation
S1+kS2 = 0 (where k is any constant)
passes through every point common
to the two given loci. For coordi-
nates which will satisfy the equation
S1 = 0, and also satisfy the equa-
tion S2 = 0, must likewise satisfy the
equation S1 + kS2 = 0.
Thus, then, the equation
(A1x+B1y + C1) + k(A2x+B2y + C2) = 0
which is obviously the equation of
a right line, denotes one passing through
the intersection of the right lines
which is the equation of a straight
line, denotes one passing through the
intersection of the right lines
A1x+B1y + C1 = 0, A2x+B2y + C2 = 0
for if the coordinates of the point
common to them both be substituted
in the equation (Ax+By+C)+k(A′x+
B′y + C ′) = 0, they will satisfy it,
since they make each member of the
for if the coordinates of the point
common to them both be substituted
in the equation (A1x + B1y + C1) +
k(A2x+B2y+C2) = 0, they will sat-
isfy it, since they make each member
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equation separately = 0. of the equation separately = 0.
Ex. 1) To find the equation of the line joining to the origin the intersection
of
A1x+B1y + C1 = 0, A2x+B2y + C2 = 0
Ex. 2) To find the equation of the line drawn through the intersection of
the same lines, parallel to the axis of x.
Ex. 3) To find the equation of the line joining the intersection of the same
lines to the point x1y1.
Ex. 4) Find the equation of the line joining the point (2, 3) to the
intersection of 2x+ 3y + 1 = 0, 3x− 4y = 5.
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6.2.28 Article 41
The principle established in the last
article gives us a test for three lines
intersecting in the same point, often
more convenient in practice than that
given in Art 38. Three right lines will
pass through the same point if their
equations being multiplied each by any
constant quantity, and added together,
the sum is identically = 0; that is to
say, if the following relation be true,
no matter what x and y are:
The principle established in the last
article gives us a test for three lines
intersecting in the same point, often
more convenient in practice than that
given in Art 38. Three straight lines
will pass through the same point if their
equations being multiplied each by any
constant quantity, and added together,
the sum is identically equal to 0; that
is to say, if the following relation be
true, no matter what x and y are:
l(A1x+B1y + C1) +m(A2x+B2y + C2) + n(A3x+B3y + C3) = 0
For then those values of the co-
ordinates which make the first two
members severally = 0 must also make
the third = 0.
For then those values of the co-
ordinates which make the first two
members are equal to 0 must also make
the third equal to 0.
Ex. 1) The three bisectors of the sides of a triangle meet in a point. Their
equations are (Art. 29, Ex. 4)
(y2 + y3 − 2y1)x− (x2 + x3 − 2x1)y + (x2y1 − y2x1) + (x3y1 − y3x1) = 0
(y3 + y1 − 2y2)x− (x3 + x1 − 2x2)y + (x3y2 − y3x2) + (x1y2 − y1x2) = 0
(y1 + y2 − 2y3)x− (x1 + x2 − 2x3)y + (x1y3 − y1x3) + (x2y3 − y2x3) = 0
And since the three equations when added together vanish identically, the
lines represented by them meet in a point. Its coordinates are found, by
solving between any two, to be 1
3
(x1 + x2 + x3),
1
3
(y1 + y2 + y3).
Ex. 2. Prove the same thing, taking for axes two sides of the triangle whose
lengths are a and b.
Ex. 3. The three perpendiculars of a triangle, and the three perpendiculars
at the middle points of sides respectively meet in a point. For the equations
of Ex. 5 and 6, Art. 32, when added together.
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Ex. 4. The three bisectors of the angles of a triangle meet in a point. For
their equations are
(x cosα + y sinα− p1)− (x cos β + y sin β − p2) = 0
(x cos β + y sin β − p2)− (x cos γ + y sin γ − p3) = 0
(x cos γ + y sin γ − p3)− (x cosα + y sinα− p1) = 0
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6.2.29 Article 42
To find the coordinates of the inter-
section of the line joining the points
x′y′, x′′y′′, with the right line Ax +
By + C = 0.
We give this example in order to
illustrate a method (which we shall
frequently have occasion to employ)
of determining the point in which the
line joining two given points is met
by a given locus. We know (Art. 7)
that the coordinates of any point on
the line joining the given points must
be of the form
To find the coordinates of the inter-
section of the line joining the points
(x1, y1), (x2, y2), with the straight line
Ax+By + C = 0.
We give this example in order to
illustrate a method (which we shall
frequently have occasion to employ)
of determining the point in which the
line joining two given points is met
by a given locus. We know (Art. 7)
that the coordinates of any point on
the line joining the given points must
be of the form
x =
mx2 + nx1
m+ n
, y =
my2 + ny1
m+ n
and we take as our unknown quan-
tity m
n
, the ratio, namely, in which the
line joining the points is cut by the
given locus; and we determine this
unknown quantity from the condition,
that the coordinates just written shall
satisfy the equation of the locus. Thus,
in the present example, we have
and we take as our unknown quan-
tity m
n
, the ratio in which the line
joining the points is cut by the given
locus; and we determine this unknown
quantity from the condition, that the
coordinates just written shall satisfy
the equation of the locus. Thus, in
the present example, we have
A
mx2 + nx1
m+ n
+B
my2 + ny1
m+ n
+ C = 0
hence
m
n
= −Ax1 +By1 + C
Ax2 +By2 + C
and consequently the coordinates
of the required point are
and consequently the coordinates
of the required point are
x =
(Ax1 +By1 + C)x2 − (Ax2 +By2 + C)x1
(Ax1 +By1 + C)− (Ax2 +By2 + C)
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With a similar expression for y.
This value for the ratio m : n might
also have been deduced geometrically
from the consideration that the ratio
in which the line joining x′y′, x′′y′′ is
cut, is equal to the ratio of the per-
pendiculars from these points upon
the given line; but (Art. 34) these
perpendiculars are
With a similar expression for y.
This value for the ratio m : n might
also have been deduced geometrically
from the consideration that the ra-
tio in which the line joining (x1, y1),
(x2, y2) is cut, is equal to the ratio of
the perpendiculars from these points
upon the given line; but (Art. 34)
these perpendiculars are
Ax1 +By1 + C√
A2 +B2
,
Ax2 +By2 + C√
A2 +B2
The negative sign in the preced-
ing value arises from the fact that, in
the case of internal section to which
the positive sign of m : n corresponds
(Art. 7), the perpendiculars fall on
opposite sides of the given line, and
must, therefore, be understood as hav-
ing different signs (Art. 34).
If a right line cut the sides of a
triangle BC, CA, AB, in the points
LMN , then
The negative sign in the preced-
ing value arises from the fact that, in
the case of internal section to which
the positive sign of m : n corresponds
(Art. 7), the perpendiculars fall on
opposite sides of the given line, and
must, therefore, be understood as hav-
ing different signs (Art. 34).
If a straight line cut the sides of a
triangle BC, CA, AB, in the points
L,M,N , then
BL ∗ CM ∗ AN
LC ∗MA ∗NB = −1
Let the coordinates of the vertices
be x′y′, x′′y′′, x′′′y′′′, then
Let the coordinates of the vertices
be (x1, y1), (x2, y2), (x3, y3), then
BL
LC
= −Ax2 +By2 + C
Ax3 +By3 + C
CM
MA
= −Ax3 +By3 + C
Ax1 +By1 + C
AN
NB
= −Ax1 +By1 + C
Ax2 +By2 + C
and the truth of the theorem is
manifest.
and the truth of the theorem is
evident.
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Figure 21: A Triangle Cut by a Line
6.2.30 Article 43
To find the ratio in which the line
joining two points x1y1, x2y2, is cut
by the line joining two other points
x3y3, x4y4.
The equation of this latter line is
(Art. 29)
To find the ratio in which the line
joining two points (x1, y1), (x2, y2), is
cut by the line joining two other points
(x3, y3), (x4, y4).
The equation of this latter line is
(Art. 29)
(y3 − y4)x− (x3 − x4)y + x3y4 − x4y3 = 0
Therefore, by the last article, Therefore, by the last article,
m
n
= −(y3 − y4)x1 − (x3 − x4)y1 + x3y4 − x4y3
(y3 − y4)x2 − (x3 − x4)y2 + x3y4 − x4y3
It is plain (by Art. 36) that this
is the ratio of the two triangles whose
vertices are x1y1, x3y3, x4y4, and x2y2,
x3y3, x4y4, as is also geometrically ev-
ident.
If the lines connecting any assumed
point with the vertices of a triangle
meet the opposite sides BC, CA, AB
respectively, in D, E, F , then
By Art. 36, this is the ratio of
the two triangles whose vertices are
(x1, y1), (x3, y3), (x4, y4), and (x2, y2),
(x3, y3), (x4, y4), as is also geometri-
cally evident.
If the lines connecting any assumed
point with the vertices of a triangle
meet the opposite sides BC, CA, AB
respectively, in D, E, F , then
BD ∗ CE ∗ AF
DC ∗ EA ∗ FB = 1111
Let the assumed point be x4y4,
and the vertices x1y1, x2y2, x3y3, then
Let the assumed point be (x4, y4),
and the vertices (x1, y1), (x2, y2), (x3, y3),
then
BD
DC
=
x1(y2 − y4) + x2(y4 − y1) + x4(y1 − y2)
x1(y4 − y2) + x4(y3 − y1) + x3(y1 − y4)
CE
EA
=
x2(y3 − y4) + x3(y4 − y2) + x4(y2 − y3)
x1(y2 − y4) + x2(y4 − y1) + x4(y1 − y2)
AF
FB
=
x1(y4 − y3) + x4(y3 − y1) + x3(y1 − y4)
x2(y3 − y4) + x3(y4 − y2) + x4(y2 − y3)
and the truth of the theorem is
evident.
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6.2.31 Article 44
To find the polar equation of a right
line.
To find the polar equation of a straight
line.
Suppose we take, as our fixed axis,
OP the perpendicular on the given
line, then let OR be any radius vector
drawn from the pole to the given line
Suppose we take, as our fixed axis,
OP the perpendicular on the given
line, then let OR be any radius vector
drawn from the pole to the given line
OR = ρ, m6 ROP = θ
but, plainly, but,
OR = cos θ = OP
hence the equation is hence the equation is
ρ cos θ = p
Ex 1. Reduce to rectangular coordinates the equation
ρ = 2a sec(θ +
pi
6
)
Ex. 2. Find the polar coordinates of the intersection of the following lines,
and also the angle between them: ρ cos(θ pi
2
) = 2a, ρ cos(θ − pi
6
) = a.
Ex. 3. Find the polar equation of the line passing through the points whose
polar coordinates are (ρ, θ1), (ρ, θ2).
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θ
α
O
P
R
Figure 22: The Polar Coordinates of a Line
114
6.2.32 Chapter Glossary
Locus: The geometric representation of an equation.
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6.3 Highlights
Article 108 introduces the theorem that for any three intersecting circles, the
chords of intersection, also known as the radical axes of the pairs of circles,
meet in a single point. The proof is that any intersection of two circles can
be defined as a line which will satisfy the condition that three lines will meet
in a single point. Salmon then derives from this proof that any number of
circes passing through two points will have their radical axes meet in a single
point.
Article 151 covers the theorem which finds if a line touches a conic rep-
resented by the general equation. This is done by solving the equation of
the line for y and substituting into the equation of the conic. The equation
can then be rewritten as variables whose vanishing is the condition that the
equation represents a straight line.
Article 267 is on Pascal’s Theorem: for any hexagon inscribed on a conic,
the intersection points of opposite sides will lie on a straight line. This works
for any conic and any hexagon, including a hexagon which overlaps itself.
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6.4 Salmon Appendices
6.4.1 Notation
A: the point with label A
ab: the point with coordinates x = a, y = b used in Salmon’s original text
(a,b): the point with coordinates x = a, y = b
AB: the line segment from point A to B
AB: the distance from point A to B; the length of line segment AB←→
AB: the infinite straight line through points A and B−→
AB: the infinite ray starting at point A and passing through point B
6 ABC: the angle formed by rays
−→
BA and
−−→
BC
m6 ABC: the measured value of the angle 6 ABC
6.4.2 Salmon Translations
right line: straight line
AB: The line segment AB, the length of line segment AB, the line passing
through points A and B, the ray from point A passing through point B,
and the distance from point A to point B
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6.4.3 Salmon’s Original Figures
Figure 23: Article 1
Figure 24: Article 3
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Figure 25: Article 4
Figure 26: Article 7
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Figure 27: Article 8
Figure 28: Article 9, Figure 1
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Figure 29: Article 9, Figure 2
Figure 30: Article 9, Figure 3
Figure 31: Article 12, Figure 1
121
Figure 32: Article 12, Figure 2
Figure 33: Article 12, Figure 3
Figure 34: Article 15
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Figure 35: Article 16
Figure 36: Article 18
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Figure 37: Article 20
Figure 38: Article 22
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Figure 39: Article 23
Figure 40: Article 34
Figure 41: Article 42
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Figure 42: Article 44
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6.4.4 Solutions for Selected Exercises
Article 7, Exercise 3. The line joining the points (2, 3), (4,−5) is
trisected; to find the coordinates of the point of trisection nearest the
former point.
Let the point (x, y) represent the point of trisection closest to (2, 3)
Define (x1, y1) = (2, 3) and (x2, y2) = (4,−5)
P cuts the line segment between (2, 3), (4,−5) in the ratio of 1:2.
Let m = 1 and n = 2
By the equation in Article 7,
x =
mx2 + nx1
m+ n
, y =
my2 + ny1
m+ n
By substituting in the values defined, we have
x =
1(4) + 2(2)
1 + 2
=
8
3
y =
1(−5) + 2(3)
1 + 2
=
1
3
Thus, the point of trisection closest to (2, 3) is (8
3
, 1
3
)
Article 10, Exercise 1. The coordinates of the points satisfy the relation
x2 + y2 − 4x− 6y = 18. What will this become if the origin be transformed
to the point (2, 3)?
x2 + y2 − 4x− 6y = x2 − 4x+ y2 − 6y = 18
Complete the square for x and y:
x2 − 4x+ 4 + y2 − 6y + 9 = 18 + 4 + 9
or, (x− 2)2 + (y − 3)2 = 31
This represents a circle with center (2, 3) and radius
√
31
Let X and Y be the new coordinates, and x and y be the old.
If the origin is transformed to (2, 3), the coordinates are, by Article 10
x = 2−X, y = 3− Y
Let the point (x, y) be the center of the circle, then
2 = 2−X, 3 = 3− Y
By simplification, X = 0, Y = 0.
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Thus, the equation becomes a circle about the new origin with radius
√
31,
or X2 + Y 2 = 31.
Article 14, Exercise 1 What point is denoted by the equations
3x+ 5y = 13, 4x− y = 2?
Solve the second equation for y: y = 4x− 2
Substitute this for y in the first equation:
3x+ 5(4x− 2) = 13
3x+ 20x− 10 = 13
23x = 23, x = 1
Substitute x = 1 into either equation and solve for y: 4(1)− y = 2, y = 2
Thus the point denoted by the intersection of the two lines is (1, 2)
Article 16, Exercise 2 Represent the locus denoted by the equation
y = x2 − 3x− 2
Take various values of x to obtain the coordinates of points represented by
the equation: (0,−2), (1,−4), (2,−4), (3,−2), (−1, 2), (−2, 6)
Plot these points, and the equation thus represents a parabolla.
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Figure 43: Article 16, Exercise 2
Article 22, Exercise 1 Examine the position of the following lines, and
find the intercepts they make on the axes: 2x− 3y = 7; 3x+ 4y + 9 = 0;
3x+ 2y = 6; 4y − 5x = 20
Solve for the intercepts of each line, respectively:
2(0)− 3y = 7; y = −7
3
2x− 3(0) = 7, x = 7
2
The intercepts for the first equation are (7
2
, 0) and (0,−7
3
)
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3(0) + 4y = −9; y = −9
4
3x− 4(0) = −9;x = −3
The second’s are (−3, 0), (0,−9
4
)
3(0) + 2y = 6; y = 3
3x+ 2(0) = 6;x = 2
The third’s are (2, 0), (0, 3)
4y − 5(0) = 20; y = 5
4(0)− 5x = 20;x = −4
The fourth’s are (−4, 0), (0, 5)
These four equations thus represent the straight lines passing through the
pairs of intercepts we solved for.
Article 29, Exercise 1 Form the equations of the sides of a triangle, the
coordinates of whose vertices are (2, 1), (3,−2), (−4, 1).
The sides of the triangle formed by the three points are equivalent to the
lines which pass through each pair of points.
The slope of the line passing through (2, 1), (3,−2) is
m =
−2− 1
3− 2 = −3
Thus,
y − 1
x− 2 = −3
y − 1 = −3(x− 2)
y = −3x+ 7
The slope of the line passing through (3,−2), (−4, 1) is
m =
1 + 2
−4− 3 = −
3
7
Thus,
y + 2
x− 3 = −
3
7
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y + 2 = −3
7
(x− 3)
y = −3
7
x+
9
7
+ 2 = −3
7
x+
23
7
The slope of the line passing through (2, 1), (−4, 1) is
m =
1− 1
−4− 2 = 0
Thus,
y − 1
x− 2 = 0
y − 1 = 0
y = 1
Thus, the sides of the triangle formed by (2, 1), (3,−2), (−4, 1) are formed
by the equations
y = −3x+ 7
y = −3
7
x+
23
7
y = 1
Article 37, Exercise 3 Find the area of the quadrilateral (1, 1), (2, 3),
(3, 3), (4, 1).
By Article 37,
x1(y2 − yn) + · · ·+ xn(y1 − yn−1)
Define n = 4, then double the area is:
1(3− 1) + 2(3− 1) + 3(1− 3) + 4(1− 3)
2 + 4− 6− 8 = −8
As we have not attributed a sign to the area, we take the absolute value of
the double area, then halve it, so the final area of the quadrilateral formed
by the given points is 4.
Article 44, Exercise 1 Reduce to rectangular coordinates the equation
ρ = 2a sec(θ + pi
6
).
ρ = 2a 1
cos(θ+pi
6
)
ρ cos(θ + pi
6
) = 2a
Let α = −pi
6
, p = 2a
Then, by Article 44, the rectangular coordinates are
x cos(−pi
6
) + y sin(−pi
6
) = 2a
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7 Observations
7.0.1 Figures in the Text
Understandably, Salmon’s original figures had shortcomings, some of which
detracted from their overall purpose. Figures were drawn by hand, which
explains why there are some visual blemishes, most of which are negligible.
As figure-drawing was an art at the time, it may have been too expensive or
time-intensive to hire an artist to create the figure until it was perfect.
One of the main issues with the original figures is how difficult they are to
understand without the text. In print, the figures are no more than 2 inches
on any side. This alone makes the figures difficult to read, but Salmon also
labeled most points, and they were all drawn in black with no markers to
show what was being represented in the figure. Many figures were overly
complicated to make the examples Salmon used work: rather than state a
line segment was offset from another, Salmon would include two extra line
segments connecting the original pair, and use their length to explain the
offset. This was repeated as necessary within and across figures. This causes
the reader to need to keep more points and variables in mind while working
through the proofs, when a constant offset and note that the segments are
parallel would suffice. While the technology available at the time may be
the main cause of these issues, it does not seem unreasonable to say that
with more time spent designing the figures, they could have been simplified
to ease understanding.
7.1 Text
The original text was inconsistent and confusing. While there is nothing
written to mention it, we eventually realized that Salmon starts his Articles
which introduce and prove theorems by writing the theorem in an italicized
sentence. When he references these theorems, he then only refers to the
theorem’s article, and uses the final equation which the reader must interpret
as the theorem. While this notation is noticeable after some time, it makes
the first few pages difficult to read, and the lack of reminder of what the
theorems are lead to a muddled set of proofs that seem to be pulling theorems
and equations from thin air.
As we mentioned briefly in our methodology, Salmon used both one sym-
bol to mean many things, and many symbols to mean one thing. Salmon
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would define a point as either its name, its coordinates in the form (x, y), or
in the form xy. He would use the three forms interchangeably, and the third
was not to be confused with AB, which represented the distance between A
and B, the ray from A through B, the line segment between the two points,
and the line through both points. When using the same variable multiple
times, he would seemingly randomly alternate between using primes at index
zero (e.g. p, p′), primes at index 1 (e.g. p′, p′′), and occasionally subscripts
(e.g. p1, p2). The inconsistency between articles makes us wonder whether
these articles were written in any particular order, had more authors than
the text attributes, or if they weren’t written in close chronological proxim-
ity to each other. Additionally, Salmon would mark some articles or sections
with asterisks to note that the content is optional during the first reading
through, but the same asterisks were also used to notify the reader of a rele-
vant footnote. Theorems would be written in italicized text, but italics were
also used often for emphasis. Some of these inconsistencies happen within a
single article, causing even more confusion on why it was written this way.
We removed sections where Salmon would write about how the reader
should find a certain topic easy, but there were many that we kept as they
were his conclusion to theorem proofs. Salmon would generally work through
a proof to a final equation, and, rather than conclude with the theorem,
explain that ”the truth should be evident.” Perhaps it is because of the
difference in era, but the inclusion of that statement, or a similar one makes
us ask why Salmon would not make the final step of the theorem to ensure the
reader would understand it. It seems odd that Salmon would simultaneously
assume that a topic was easy for the reader to understand, but not ensure
the proof was finished for understanding.
7.1.1 Exercises
Salmon’s exercise sets seemed to follow a few key principles: successive ex-
ercises were slightly harder, and they required the formula given in their
respective Article. If one exercise asked for the area of a triangle formed
by three points, the hardest exercise would be the area of a quadrilateral
formed by those same three points, and one additional given point. While
this does make the flow of the exercises smoother, we have doubts that pick-
ing arbitrary different points wouldn’t make the exercise more conducive to
learning the material. While this is just one example, it’s a consistent theme
throughout the exercise sets in the first two chapters.
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The exercises don’t have much room for interpretation or manipulation
of the topic. Rather, with the exception of the Articles on drawing loci,
exercises as a whole can be solved by plugging given values into the equa-
tions Salmon gives in the preceding Article(s). While this is likely to help
with memorizing the content, the straight-forward method of solving the ex-
ercises and lack of manipulation seem to detract from the problem-solving
that modern education focuses on. Additionally, as exercises were almost
exclusively formula-based, there was almost no reason to include geometric
constructions, other than to clarify the location of points, which seems like
an oversight for a textbook focusing on geometry.
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8 Conclusion
George Salmon’s A Treatise on Conic Sections is a highly informative text
that was a significant contribution to geometry. There are several interesting
theorems and topics covered in the text that current geometry education
doesn’t cover. However, it may no longer have a place in geometry education.
8.1 Viability of the Text
From Chapter 1, Salmon uses many theorems which simplify many problems:
from the transformation of coordinate systems by changing the angle of the
axes to finding the area of an n-gon given the coordinates of its vertices. This
continues throughout the text, one of example of which is how, in Article 238,
Salmon proves that two curves of degree m and n intersect in m ∗ n points.
If we look at the MCAS tests in geometry, no problem goes past Salmon’s
second chapter, and most are within the first chapter. The idea that axes
are arbitrary– the first article and the foundation of the text– isn’t even
introduced until Calculus 4 at WPI. This leads us to conclude that A Treatise
on Conic Sections has no place in high school or early university without
complete overhaul. The density and complexity of proofs and theorems is
similar to what is expected of a 3000- or 4000-level math course at WPI.
For a complete overhaul of the text, the figures will need entirely new de-
signs and reintegration into the text. Most of the current figures are overly
complex and need the text to make sense. For the 2-dimensional figures,
a tool like Geometer’s Sketchpad or Cinderella could be used to make im-
proved figures, especially Cinderella with its automatic theorem proving.
3-dimensional figures will need a different program, such as Maple with an
example to plot in three dimensions.
8.2 Future Recommendations
We spent 8 weeks to create a plan for our updates and to finish the 13 articles
of chapter 1, then another 8 weeks to complete the 31 articles of chapter 2.
To continue the text using our standards, it would take approximately 89
weeks. However, it may be more beneficial to do a recreation of the text
rather than an update, which would likely take much longer.
To restructure Salmon’s treatise, there should be a study of the signifi-
cance of geometry education in higher learning. There would need to be an
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examination of the cost of restructuring math education at a high school and
university level against the benefits they would provide. Research should
also be done into the necessity of geometry education. While we have many
tools to solve problems and make geometric constructions, these tools must
be made by someone with a significant understanding of the material. Addi-
tionally, there may be further discoveries to be made in geometric construc-
tion that we have not found because we have shifted to focus on calculus in
STEM [1]. We may not have devoted enough time into studying geometry,
so we may yet break through to new discoveries. It may also be the case that
understanding coordinates and their properties, as well as the formulae and
properties of general curves, conics, and polygons is enough.
Even without significant restructuring of the text or education, Salmon’s
A Treatise on Conic Sections is a phenomenal resource for geometry and
the properties of conics. At the very least, it should be made more publicly
available, perhaps as an online resource. Salmon cross-references his articles
well enough that it would not be difficult to copy each article into its own
webpage, and providing links for each other article referenced.
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